Triple covers in positive characteristic

R. Pardini

Introduction

The theory of triple covers in algebraic geometry has been developed by R.
Miranda in his paper [3], in which he establishes a 1—1 correspondence between
triple covers of varieties over fields of characteristic not equal to 2 or 3 and sections
of certain vector bundles.

The purpose of this work was to analyse in the same spirit the characteristic
3 case, since this has some special features, e.g. the existence of inseparable triple
covers.

Actually, it turned out that it is possible to extend Miranda’s theory in such
a way to describe triple covers of schemes of finite type over any noetherian domain
R with the property that 2 is invertible in R. In doing so, we think we have reached a
more conceptual view of the problem and we hope this may also lead to applica-
tions in number theory.

Sections 1, 2, and 3 contain the general description of triple covers in terms
of sections of vector bundles; the example of Section 4 shows that the general situa-
tion is indeed more complex than the case of varieties over a field of characteristic
different from 2, 3. Ramification, branch locus and local structure of triple covers
are described in Section 5, while inseparable triple covers are analysed in Section 6.
In Section 7, we set up the problem of lifting a triple cover in characteristic 3 to
characteristic 0 and provide a couple of examples to clarify the matter. Section 8
is devoted to computing the invariants of triple covers of surfaces: these are ex-
pressed by the same formulas both in the separable and inseparable case, although
the usual computational methods cannot be applied in the latter situation. Finally,
an appendix takes care of the characteristic 2 case.

Acknowledgements. 1 wish to thank particularly Fabrizio Catanese and Rick
Miranda for their patient help and encouragement. I am also indebted to T. Ekedahl
for several useful remarks. Finally, I am very grateful to the Mittag-Leffler Institut,
where a part of this work was carried out, for support.
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1. Preliminary facts

Let R be a noetherian domain such that 2 is invertible in R and let ¥ be an
integral separated scheme of finite type over spec R.

Definition 1.1. A triple cover of Y consists of the data (X, @) of a scheme X
over spec R and of a flat finite R-morphism ¢: X—Y such that ¢ Oy is a rank 3
Oy-bundle. Triple covers (X, ) and (X', ¢") are isomorphic iff there exists an iso-
morphism §: X—~X' such that the following diagram commutes:

X .x
o

RY.

To a triple cover (X, ¢) there corresponds a short exact sequence of locally free
sheaves on Y:
0—>@Y—>(p*(9x—>E—>O

E is locally free of rank 2, since the map: Oy—~¢,0x has no zeros on Y. In what
follows E will be called the associated vector bundle of the cover (X, ¢). ¢,0y is
a rank 3 Oy-algebra and the natural projection p: spec ¢, 0x—~Y gives a triple
cover isomorphic to (X, ¢).

So, if we are given a scheme ¥ and a rank 2 vector bundle E on Y, the problem
of describing the triple covers of ¥ whose associated bundle is E is completely equiv-
alent to that of determining the pairs (¥, x), where V is an extension 00—
VEE—~0 and p: S*V -V is a Oy-linear map defining a commutative ring struc-
ture on ¥ compatible with the ¢, -module structure. It may be worthwhile remarking
that compatibility with the @, -module structure is equivalent the to the requirement
that u split the following short exact sequence:

0—~V—-t>S2V > S2E -0

where i: V—-S2V is the natural inclusion.

Since V is locally free, given Le¢Hom (V, V'), the trace of L is a well defined
element of Oy. Given p, Vz€V L,: V-V  is a Oy-linear map whose trace
y- u(zy)
we will call the trace of z and denote by Tr(z). Tr: V-0 is Oy-linear, ie. it is a

section of V7.

Proposition 1.2. i) If 3¢R is invertible, then + Tr: V-0, is a splitting of
the sequence 0-0y—V ~E—Q and therefore V is the trivial extension;
ii) if the characteristic of R equals 3, then the trace map gives a well defined

map on the quotient, Tr: E~0y;
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iif) let E€Y be the generic point and assume V;, is an integral domain (and there-
fore a field). Then Tr: V >0y, vanishes identically iff the characteristic of R is equal
to 3 and Oy SV; is an inseparable field extension.

Proof. To prove i) and ii) it is sufficient to remark that Vyc0®, one has
Tr (»)=3y. To prove iii) observe that ¥ is integral and ¥ is locally free and there-
fore Tr: V' —0y vanishes identically on Y iff Tr,: V;-~0y, , is the zero map. Hence
(see [4] page 93—94), the trace map of ¥, over 0y, vanishes identically iff the
extension is purely inseparable. J§

We will now introduce another global section of a locally free sheaf related to
WV, 1): Vx,yeV define: Q(x,y)=Tr(xy). Q is a symmetric bilinear form on V
and therefore it induces a linear map L: V-V~ . Taking exterior powers, we get a
map: A3L: AW A3V~ Since AV is isomorphic to A2E, A3L can be identi-
fied with a section B of Hom (A*E, A2E7)=(A2E)"%,

Corollary 1.4. Assume V; is a domain. Then BEH °(Y, (/\2E)‘2) is the zero
section iff the characteristic of R is 3 and Oy SV; is an inseparable extension.

Proof. B is the zero section iff the form Q is everywhere degenerate iff Q is
degenerate at the generic point ¢ of Y. In turn, this means that there exists z€V;\{0}
such that VycV, Tr (zy)=0, ie. Vwel, Tr (w)=0, since ¥; is a field. The corollary
now follows from Proposition 1.2.

2. Triple covers and sections of vector bundles

The purpose of this section is to establish a 1—1 correspondence between the
pairs (V, u) described above and the elements of H°(Y, S2EQ(A*E)~2). Before
we can do this, we have to introduce two short exact sequences of locally free
sheaves on Y.

Proposition 2.1. i) For every rank 2 vector bundle E on Y one has the following
short exact sequence:
(A) 0 ~E®QNE—L> SPEQE-2> S’E —~ 0.
If 3 is invertible in R, then the sequence is split exact.

ii) If R is a field of characteristic 3 and F: Y-Y is the Frobenius morphism
one has also:

(B) 0 F*E-L. SPE-Z>» EQ\E —~ 0.

Proof. i) The map o is just symmetrization, defined by o(x;X,®X3)=X;XsX;3
for simple tensors and extended linearly. To define the map i, we set £(x; @ (x, A X3)) =
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X X ®x; — X X3 ®X,. It is easy to see that this is a good definition and that goi=0.
The fact that the image of i and the kernel of ¢ coincide can be verified using local co-
ordinates for the sheaf E. In case 3 is invertible, the map

0: S°E -~ S’°EQE

Xy Xp Xg —> %(x1x2®x3+x1x3®x2+x3x2®x1)
splits the sequence.

ii) The map j: F*E—~S®E is just the natural immersion. The map 7 can be
defined by 7(xyz)=yR(zAXx)+xR(zAy). To check that 7 is well defined one uses
characteristic 3 and the identity a@(BAY)+BR( A0)+yR(xApf) for a, B, y in
E®N\2E. With the aid of local coordinates as in case i) one verifies that the se-
quence is exact. Tensoring with (A2E)~% and using the isomorphism E~=E®
(A2E)™1, we get two more sequences:

(A) 0> E" L SPEQEQ(N*E):-Z» SBEQ(N\!E)~2 -~ 0
(B") 0 -~ F*EQ(\2E)~%-L+ SSEQ(\2E)~2—=> E~ - 0.
The next step is to describe p locally.

Proposition 2.2. Let {U};c,; be an affine open covering of Y such that Ely is

trivial Vicl. Let {1,z,w;} be a base for V|, . Then p: S*V >V turns the Oy-

module V into an associative Oy-algebra iff it has the following form on U; Vi€l
(we omit the index i to simplify notation):

p() =1; w@) =z; pw)=w;
p(z?) = az+bw+be+f2—af—bd; p(zw)=ez+fw+bc—ef;
uw? = cz+dw+e?+cf—ac—de

where a, b, ¢, d, e, f are in Oy.

Proof. See [3], Lemma (2.4).

Corollary 2.2. Let UCSY be such that E|y is trivial and let {z’, w'} be a base
for E|y. Then there exists a unique base of the form {1, z,w} for Vl]y such that
z, w lift 2/, W and such that u has the following local form:

u(z?) = bw+be+f?
u(zw) = ez+fw-+bc—ef

uw? = cz+e*+cf.
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Proof. Let z;, w, be any two elements of V|, that lift z” and w’: by Proposi-
tion 2.2, it is enough to set z=zy—%, w=w0—%, | |

Definition 2.3. The local form for u described in Corollary 2.2 will be called a
“normal local form” for V with respect to p and with respect to the local coordi-
nates z, w.

Remark 2.3b. Triple covers are locally determinantal varieties. In fact, the
normal local form of Corollary 2.2 is given by:

—f wte ¢ ]=

z
rank[ b ztf w—e

We are now in a position to state and prove:

Theorem 2.4. a) Assume we are given an integral separated scheme of finite
type Y over spec R, a rank 2 vector bundle E on Y and a pair (V, ), where V is
an extension of Oy by E and yu defines an associative and commutative Oy-algebra
structure on V.,

Then there exists an element o(V, )¢ HY(Y, SPEQ(N*E)™?) such that:

D) If 8: H(S*EQ(NEY%)~HYY,E") denotes the coboundary map in the
cohomology long exact sequence associated to the sequence (A'), then + 0o (V, 1)
represents the isomorphism class of the extension 0~0y—~V —~E-0.

i) If R is a field of characteristic 3, then v'a(V, u), where

v: HY(Y, SSEQ(\E)~%) — HY(Y, E”)

is the map on global sections induced by the map v’ in sequence (B’), is the trace of u
(see Prop. 1.2, ii)).
iil) (V, w=(V", ') as extensions and as Oy-algebras iff o(V,w=o(V’, i').
b) Conversely, given Y, E as above and o€H'(Y, S*E®(N2E)™?) there is
(V, 1) as above such that o(V, uy=a. In particular, if R is a field of characteristic 3,
there is a natural 1—1 correspondence between H(Y, F*EQ(N*E)~?) and iso-
morphism classes (V, 1) with zero trace.

Proof. Assume we are given (V, p) as in the hypotheses. Define p': S2V—~E
by composing ¢ with the projection n: V—E. Consider the following map:

B(): V98 — v SIE
(1@%:@%)R (1182 ®¥s) = — Zaesy (— 1 [[iz1,2,3 1 (X: Vo)

where &(o) is the sign of the permutation o€ S;.
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Let g: VQVV~AV=A2E be the alternation map. One has the following
diagram:

yes_ %W | ep

//

.
/
Vs a(V, 1)

/

\ /
(NE)-2

1®4q

It is easy to check that the dotted arrow is in fact a well defined map, i.e. an
element o(V, )¢ H(Y, S*EQ(A2E)~?). Using normal local coordinates for V
with respect to u we get the following local expression for o(V, u):

(Z AW ~ (1A zAW)? —~ 28 —2ez2w’ ~2f2' w2+ bw'®

where z’, w" are the images of z, w in E.

From this and from the normal local form for p in Corollary 2.2, it is immediate
to deduce the statement in the theorem about the uniqueness of (¥, u) up to iso-
morphism of extensions preserving multiplication. Using again normat local coordi-
nates, we get the following expression for the trace map of (¥, 19):

T T T
1—3; z—5f; w—>e.

The statement about the trace map in characteristic 3 follows at once. To determine
the class of the extension V we shall use a trivialization {{U}, {z}, wi}li€I} of
the bundle E and denote by {1, z;, w;} the corresponding local normal base for
V on U;. Assume the following relation holds for the bundle £ on U;nU;:

)= 200

The corresponding relation for the bundle ¥ on U;nU; will have the form:
-G A6
WJ ¥ ) w; N ji

(¢;» 5;) represents on UnU; the element of H'(Y, E”) corresponding to the
extension V. By imposing the condition that {1,z;, w;} and {1, z;, w;} be normal
local coordinates, we get the following equalities:

1= gy (— PP0cr+ 10—y () a5~ 20)
5 = gy (B abi= 3By (= 2e) +aby ().

A computation with transition matrices for the bundles involved shows that (¢, 5;,)
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1 .
represents on U;nU; the element Z—&a(V, WEHYWY, E”). The converse part of

the theorem now follows by remarking that the local formulas computed above
allow one to construct explicitly a pair (¥, u) whose associated section is any
chosen element of H(Y, S*EQ(A? E)~2). The last statement of the theorem is
just a consequence of the exactness of

0~ H(Y, FFEQ(\*E)™%) ~ H(Y, SSEQ(N\2E)™%) -~ H*(Y,E™). §
Remark 2.5. Theorem 2.4 also gives another proof of Proposition 1.1,1). In
fact Proposition 2.1, i) implies that the map 9: H*(Y, S EQ(A? E)-?)-~H\(Y, E”)
is zero and so we conclude that V is always the trivial extension. '

Corollary 2.6. Assume E=9%"'@®.#71, <, 4 invertible sheaves on Y. If
(¥, w) is an extension of @y by E that is also an @y -algebra, then V=@, ®E.

Proof. One has:
H'(Y,S*EQ(\?E)™?) = H(Y, #* S )OH (Y, M)DH (Y, LYDH (Y, L2 M™Y),
HY,E'y=H°(Y, #/)®H (Y, &),
H'(Y, SPEQE®(N\*E)72)
=2H%Y, LYSHY, LM~ )D2H (Y, MYDH (Y, M2L ).
Looking at the addenda involved, one sees immediately that the sequence of global

sections associated to sequence (A’) is exact. The result then follows from Theo-
rem24. §

Remark 2.7. By what we have observed in Section 1, all the statements in this
section can be reformulated as statements on triple covers. For instance, Thecrem 2.4
gives a 1—1 correspondence between triple covers of ¥ whose associated module
is E and elements of H(Y, S3E®(A? E)~?) modulo the natural action of Aut (E).
Following the terminology of [3] we will say that a section a€ H(Y, S3EQ(A? E)™?)
“builds” a triple cover (X, ¢) and we will call the section of H(Y, S3EQ(A2E)™?)
corresponding to a given triple cover the “building map” of that cover. Moreover,
given a triple cover (X, ¢) with building map ¢, we will denote by B(o) or by B(X, ¢)
the element of HY(Y, (A\? E)~%) that corresponds to ¢ as described in Section 1,
Proposition 1.4.

3. Conditions for the triple cover to be reduced

A triple cover map ¢: X—Y, as we have defined it, is closed and affine, and
therefore the set {¢~*(U)|UZY affine} is a basis of affine open sets for X. So X is
reduced (integral) iff ¢, 0y . has no nilpotents (is an integral domain). The problem
of determining whether X is integral amounts then to deciding when a given rank 3
algebra over the field of rational functions of Y is an integral domain. Up to a linear



326 R. Pardinj

change of coordinates in ¢, 0y ., it is always possible to solve for, say, z in the
expression of Corollary 2.2 at the generic point, obtaining a relation of the form
28+tz2+5z+q=0. Then ¢, 0y, is an integral domain iff the polynomial above
has no root in Oy .. This shows that, although it may be possible to get an answer
in special cases, there does not seem to be a general solution in terms of the properties
of the building section of the cover. However, we end this section with a “geomet-
rical” criterion of irreducibility suggested by F. Catanese.

Lemma 3.1. Let zC¢,0y . be nilpotent; then z°=0.

Proof. Yz€p,0x s, define L,: ¢,0x s—~¢,0x . L,]is of course linear and one
X->zX
has: (L)'=L,,=0ez"=0, since z"=L,.(1). On the other hand, ¢,0x . is a
vector space of dimention 3 over 0y , and so any of its endomorphisms 4 is nilpotent
iff 43°=0. |

Lemma 3.2. If the characteristic of R is equal to 3, then fto every element
1€ HY(Y, F*E®(A* E)~?) there corresponds an element A(t)¢ H(Y, Hom (A2 E, )
in a natural way. If © builds a triple cover (X, @) we will also write A(X, @) for A(7).

Proof. Let {U};c; be an affine open covering of ¥ such that Ely is trivial
with basis {z;, w;} Vi€l. Let t be represented by (b;,c;) on U; with respect to
the given trivialization. Assume the following relation holds for the bundle E on

UinUy: [:,JJ] - [: g] [vzv]

If we set A(t);=b;dc;—c; db;, a computation shows:

A(T)j = (d —fy) A();-

Therefore the map A(r): A2E—~Q} defined by zAw;~A(z); on U; is well de-
finedonY. §

Proposition 3.3. Let ¢: XY be a triple cover with zero trace. Then X is re-
duced iff A(X, @) does not vanish at the generic point of Y.

Proof. By Proposition 1.2, iii), the characteristic of R is equal to 3. Assume
X is not reduced. We can choose a normal local base for ¢,0y . such that z+¢
is nilpotent for some #¢@y .. By Corollary 2.2 and by tr(z)=f, tr (W)=e, the
following relations hold in ¢, 0Oy ,:

z2 = bw
zw = be
w? = cz.
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By Lemma 3.1 we have: 0=(z+4¢)}=2z34+13=b2c+¢% Taking differentials we get:
b(bdc—cdb)=0 and therefore A(X, ¢)=0 at the generic point. Conversely, if
bdc—cdb =0, then b*c=1® for some tclOy , and z—t1 is nilpotent. ||

Proposition 3.4. Assume (X, ¢) is a triple cover with nonzero trace. Then X is
reduced iff B(X, ¢) does not vanish identically.

Proof. Recall that B(X, @) vanishes identically iff the bilinear form Q on
¢, Oy (see Section 1) is degenerate at the generic point £. By Lemma 3.1, z€¢,0x .
is nilpotent iff for the characteristic polynomial p.(¢) of the linear map
L,: ¢,0x :~¢,0x we have: p,(t)=t% In particular, Tr(z)=0. Assume now

X—>zX

z€¢, 0y ¢ is nilpotent. Vx€¢,0x ¢, zx is nilpotent too, and therefore Q(z, x)=
Tr(zx)=0Vx and @ is degenerate. Conversely, assume Q is degenerate. Then
there exists z€@, Oy ;\{0} such that Tr(zx)=0 Vx€¢,0x .. This implies that the
image of L, is contained in the kernel of the trace map, which is a 2-dimensional
subspace by the assumptions. So det (L,)=Tr (L,)=0 and the characteristic poly-
nomial of L, has the form: p,(t)=#3+A¢. If A=0, we are set. So assume A#0:
considering if necessary an algebraic extension of Oy , containing oc=|/—-7, we
see that the matrix of L, can be put in diagonal form:

00 O
0a 0f.
00 —«a

This implies Tr (z2)=2a?= —24#0, contradicting the assumption that Tr (zx)=0
Vx€¢,0x . So we must have A=0 and z is nilpotent. J

Criterion 3.5. Assume that X, Y are varieties over an algebraically closed field
K, that f: X—Y is a triple cover map, that the branch locus of f is reduced and that
the set of points of Y over which fis totally ramified is nonempty. Then X is irreducible.

Proof. X is Cohen—Macaulay by Remark 2.3b, and therefore it is nonsingular
in codimension 1. X is also connected, since there is at least a total ramification
point. So we conclude that X is irreducible. [

4. An example of triple cover with non trivial associated extension

Now that we have characterized the building maps such that the corresponding
cover is reduced, we are able to show that there exist triple covers such that the
extension 0-0y—~¢,0x—~E~0 is not split. The following example was pointed
out to the author by T. Ekedahl.
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Example 4.1. Let Y be a smooth complete variety over an algebraically closed
field of characteristic 3. Let % be an invertible sheaf on Y such that the following
conditions hold:

=0, HW(Y,Z)={0}); HW(Y,£)={0}; H(Y,¥) R H' (Y, ¥)>.

For instance, one may take Y a nonsingular plane quartic and . =0,(6), where 0
is an effective half-canonical divisor. Let 0—~0y—~W —~%"1-~0 be a non trivial
extension and let E be the rank 2 vector bundle defined by:

(%) 0—~0y ~S*W —E ~0.

We wish to show that there exists a triple cover (X, ¢) of ¥ such that the associated
module is E and such that the extension 0—~0y ¢, 0x—~E—0 is isomorphic to (*).
We remark that E is an extension, too:

0P 1-E~>P250,
and therefore one has:
0> %8> F*EQ(N\2E)"2 - 0y - 0.

Let {U,, {1,z}}ic; be a trivialization of the bundle W over Y such that the fol-
lowing relation holds over U;nU;:

)= ol

Then the transition relations for the bundle E on U;nU; are:

(-1, &)

5 - —eugu gllal

Since we have assumed H(Y, #3)={0}, thereexists tc H(Y, F*E®(A*E)~?) that
Lifts the section 1€ H°(¥Y, @y). Assume ¢ is represented by (#;, 1) on U, with respect
to the given trivializations of the bundles involved. By means of the formulae com-
puted in the proof of Theorem 2.4 it can be checked easily that Arc HY(Y, E™),
where 4 is the coboundary map for (A’), is represented on U;nU; by (49);=
(¢;;»> &5). This amounts to saying that the extension associated with the inseparable
triple cover corresponding to the building map ¢ is isomorphic to (). If the cover
corresponding to ¢ is not reduced we consider on U the building map ¢’ obtained
by adding to 7 an element ycHO(Y, L3N\ H(Y, £). The cover (X, ¢) corre-
sponding to ¢’ will be reduced and the extension 00y ¢, 0x—~FE—~0 will again be
isomorphic to (). Since the covering map ¢ is inseparable, X and Y are homeo-
morphic and therefore we can conclude that X is integral. |
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5. Branch locus and singularities

Throughout this section we shall assyme R=XK, where K is an algebraically
closed field. Proposition 1.2, ii) can be reformulated as follows:

Proposition 5.1. Assume that the characteristic of K is 3 and that ¢: X—Y is
a triple cover with X integral. Then ¢ is a separable morphism iff the trace of (X, ¢)
is not zero. :

Proposition 5.2. Let (X, ¢) be an integral triple cover. Then the branch locus
of ¢ is the zero locus of the section B(X, p)€ H'(Y, (\*E)™%). If the characteristic
of K is 3, then the locus of points of Y over which there is total ramification is defined
by the vanishing of the trace; if the characteristic of K is different from 3, it is defined
as the locus where the form Q has rank 1.

Proof. We refer to [1, Proposition 6.6, page 124] for the proof of the first
statement and we just prove the last part of the proposition here. Let y,£Y be a
closed point and let A=¢,, Ox,,,®k(yo). Ais a 3-dimensional K-algebra, and there-
fore it decomposes as a direct sum of local algebras. If ¢ is not totally ramified
over y,, then there exists an isomorphism A>~K® 4,, where 4, is a 2-dimensional
K-algebra. In this case, Tr,x=Idg®Tr,  and rank Q=2. Conversely, assume
@ is totally ramified over y,. Then A is a local algebra with maximal ideal M. We
may choose ?,s¢M in such a way that {1, 7, s} is a basis for 4 over K. The corre-
sponding matrix representation for Q is:

300
0 0 0}.
000
The conclusion is now evident. [J|

Corollary 5.3. Assume the characteristic of K is different from 3. The set of
points of Y over which there is total ramification is the zero set of a symmetric map
{: E~E~ such that det ({)=3B.

Proof. Taking the second exterior power of the exact sequence 080y —¢, Oy~
E—Q one obtains:
0~ E-1s A2, 04 - \NE ~0
and dualizing:
0 -~ (A2E)t - A%2¢, 0y —~E~ - 0.

Also the bilinear map Q defines a linear map L: ¢,0x—¢,0;. Define { as
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follows:
E—* —FE"
| .
A2 ¢*0X LE, /\24)*@;
Choosing normal local coordinates {1, z, w} for ¢,0x over an open set USY,
one gets:

3 f e
O =\|f 4be+3f> 3bc—ef|; (= [
e 3bc—ef 4cf+3e?
and det ({)=3(72bcef+32be®+32¢f3+ 166212 —27b%c?).
By Proposition 5.2, there is total ramification over a point y,€Y iff the rank
of @ is L. It is immediate to check that this is true iff { vanishes at y,. |

4(3be+2f?) 9bc—4ef]
9bc—4def 4(3¢f+2e?)

Proposition 5.4. Let T denote the set of points y€Y such that the triple cover
(X, @) is totally ramified over y. If @ is separable, T is in general a codimension 2
subset of Y and the branch locus B is singular at the points of T. Assume Y is smooth.
Then X is not smooth over a point ycY iff:

a) y€B, y¢T and B is singular at y.
b) char (K)=3, y¢T and:
i) b=c=0 at y.
i) b0, —z%df+ bzde + b(cdb—bdc)=0 at y.
iii) ¢20, —w?de+ cwdf+ c(bdc—cdb)=0 at y.
In particular, if @ is inseparable then X is singular over y iff A(y)=0.
¢) char (K)=3, y¢T is a point of B of multiplicity =2.

Proof. Assume first char (K)=3. Let U be an open affine neighbourhood of y
such that E|y is trivial and choose normal local coordinates {1, z, w} for ¢, 04|y.
We have two cases to consider:

i) b=c=0 at y.

If y¢B, then X is smooth over y, so we may assume y€B. Using the for-
mulas computed in Corollary 5.3, one sees that this implies ef=0 at y. If e=f=0
at y, then it is easy to check directly, using the local equations for the triple cover,
the branch locus and 7, that y¢T it is a point of multiplicity =4 on B and that X
is singular over y. If, say, e=0, then y¢T and B is smooth at y iff db=0. The
fibre of ¢ at y consists of the points x;=(0, e) and x,=(0, —e). It is easy to verify
that x, is always a smooth point of X, while x; is smooth iff db>0. The case f=0
follows by symmetry.

ii) b0 or ¢=0 aty.

Say b0 at y. Then it is possible to solve for w in the equations of the triple
cover and x can be described locally around y as the zero locus of a polynomial
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t
P(z)+z3+1tz%+pz+gq, t,p, gc0y. By a change of coordinates of the form z’=z+-§

it is possible to eliminate the coefficient of z2 from P. So we may assume that X is
defined locally by: z3+pz+¢=0. Then one has:

3 0 -2
O=| 0 —-2p —3¢4|; B={27q2+4p3=0}; T={p=gq=0}
—2p —3q 2p?

If yeT, then X is smooth over y iff dg=0 at y iff B has a double point at y. If
3
YEB\T, X is simply ramified at the point z’ =——2% over y. Z/ is a singu-
3
lar point of X iff 0=z dp+dqlz,=—§2dp+dqu iff, using the relation: 4p%+
-P

+27¢%,=0, iff 2p*dp+9qdql,=0 iff B is singular at y.
Assume now char (K)=3. We distinguish again between two cases:
i) b=c=0 at y. Exactly the same argument as in characteristic different from
3, case i), applies.
-ii) b#0 or ¢s0 at y. Say bs0; again it is possible to solve for w and get
a local equation for X of the form z3+1z%-+pz+g=0, p, ¢, g€ 0y. Assume 20 at y.

Changing coordinates to 2’ =z+§ one gets the following equation for X' in a neigh-

bourhood of y: z3+#22+r=0. Then one has the following local formulas:

0 —t ¢
g=]—-t & —8#|; B={fr=0}
2 —2 ttrt

y€B iff r=0 at y. Then X is ramified at the point z/=0 over y and it is singular
there iff dr=0 at y iff B is singular at y. Assume now ?=0 at y and y€B. In this
case €T and Bis singular at y. The equation for X around yis: z2—fz%+(be—f%z—
bef+f*—b*c=0. Since ¢ is totally ramified over y, by Proposition 5.2 we have
e=f=0 and X is smooth over y iff b) ii) holds. The case ¢=0 follows by
symmetry. |

Corollary 5.5. i) If the dimension of Y is =4, then the general separable triple
cover of Y is singular.

ii) If the dimension of Y is =2, then the general inseparable triple cover of Y is
singular,

Proof. i) (See [3, Corollary 5.3].) If the dimension of ¥ is =4, the building
map will have in general at least a zero y€Y and by Proposition 5.4 X will be
singular over y:

if) Same argument as in the proof of i), remarking that the building map is in
this case a section of a rank 2 bundle. ||
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6. Inseparable triple covers

In this section we will study in greater detail inseparable triple covers. We will
assume that Y is a smooth variety of dimension » over an algebraically closed field
K of characteristic 3 and that (X, ¢) is a smooth inseparable triple cover of ¥
whose associated module is E.

Proposition 6.1. In the hypotheses above, (2, is an extension of A2 E by a locally
fiee sheaf F of rank n—1. The map N*E—~(Q} is given by the section

A€ HO(Y, Hom (A2 E, Q1))

defined in Lemma 3.2. Moreover, the image of the tangent map ¢,: I¢—~@*T} is
isomorphic to @*F .

Proof. Since X is smooth, it is in particular reduced and so, by Proposition 3.3,
A(X, @) is not the zero map. We have a short exact sequence of sheaves on Y: 0—~
N E-2- 0L~ % 0, where & =coker A, & is locally free iff A does not vanish
anywhere on Y iff, by Proposition 5.4, b), X is nonsingular. Now let y€Y: since
X is nonsingular by assumption, we have 5=0 or ¢=0 at y. Say b=0; then
we can solve for w and X is defined locally around y by z*—b%c=0. So the an-
nihilator of the image of ¢, is generated by bde—cdb around y and it is there-
fore the pullback via ¢* of the image of A. So Im ¢, is isomorphic to ¢*F~. |

Corollary 6.2. Let Y be a nonsingular curve and let (X, ¢) be a nonsingular
inseparable triple cover of Y with associated bundle E. Then: wy=A?E.

Proof. Immediate by Proposition 6.1. ]

Corollary 6.3. Let Y be a nonsingular surface and let (X, ¢) be a nonsingular
inseparable triple cover of Y with associated module E. Then we have an exact se-
quence of sheaves on Y':

0~ A2E-24- QL ~ 0y ®(A2E)™t ~ 0.
In particular, if Y is complete, then the second Chern class ¢,(Y) is even.

Proof. The first statement is just Proposition 6.1. If D is the divisor on Y cor-
responding to A2 E and K is the canonical divisor of ¥, then we have ¢,=D(K—D)
and so, by Riemann—Roch, ¢, is even. [

Proposition 6.4. Let (X, @) be a smooth inseparable triple cover of Y with
associated module E. Then we have the following short exact sequence of locally free
sheaves on Y:

0~ SPE"QNE -~ ¢, T3 ~F Q¢*0x —~ 0.
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Proof. By Proposition 6.1 we have an exact sequence of sheaves on Y: 0—+.% —
T -2 p*F~ ~0, where £ is a line bundle. Taking the direct image of this se-
quence, one gets: 0+, & —~¢, I3 ~F Q¢,0y—~0, since #¢, L =0, the map ¢
being finite. So, to prove the proposition we must show that ¢, % is isomorphic
to S2E”®A%E. We will do this by means of an explicit computation. Assume that
{U}ic; is an affine open cover of ¥, that {I, z;, w;};¢; are normal local coordinates
for ¢,0ly Vi€l and that the following relations hold on U;nUj:

L)=05 0]+
W; IR Vi Wy + Sji
where ¢, and s;; are given by the formulas computed in the proof of Theorem 2.4.
Then a local basis for ¢, over an open set U; is the following:

0 0 . 0 0 .

1 3
MV=w———o,—: V=7, —m—W,—: V=b,———12Z, .
I3z, Tow;n T M9z owt 1T ez, Yow;

An explicit computation of transition formulas now yields:

v} 1 o =5 7 ||%
i = —B5 ad+Py —ay|{vi].
S I I W e |

Then one concludes by remarking that the matrix above is the transition matrix for
S2E"®NE on UinU,. |

Corollary 6.5. Let Y be a smooth curve and let (X, @) be a smooth inseparable
triple cover of Y with associated module E. Then ¢, I3 =S*E”®@/\*E.

Corollary 6.6. Let Y be a smooth surface and let (X, ¢) be a smooth inseparable
triple cover of Y with associated module E. Then one has the following short exact
sequence of locally free sheaves on Y':

0> SPE"QNE - 9,73 ~ 07 *QNEQe, 0 ~ 0.

Examples 6.6. i) Curves. All curves have a nonsingular inseparable triple cover,
the Frobenius morphism. A necessary condition for the existence of a reduced
inseparable triple cover of a curve C with associated module E is that (A2 E) "1Qw¢
is a nonnegative line bundle (see Proposition 3.3).

i) Nonsingular inseparable triple covers of surfaces. From Corollary 5.5, i), we
know that the “general” inseparable triple cover of a surface is singular. Corol-
lary 6.2 adds more: there are surfaces, e.g. P2(K), that do not have any smooth
inseparable triple cover. On the other hand, if there exists a curve C and a smooth
morphism ¥: ¥Y—C, it is not difficult to check that the pullback of the Frobenius
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morphism of C is a smooth inseparable triple cover of Y. If E is a vector bundle
associated to such a cover, then from Corollary 6.2 we have y*wc=A?E. Trivial
examples of surfaces admitting a smooth morphism onto a curve are products of
curves and ruled surfaces.

iii) Inseparable triple covers of surfaces with ““nice” singularities.

From the local equations for an inseparable triple cover, one sees that at points
where the building map o€ H(Y, F* EQ(A? E)~?) vanishes the triple cover has a
singularity with embedding dimension 4. Therefore a necessary condition for a
triple cover of a surface Y to have only hypersurface singularities is that the bundle
F*E®Q(A?E)~2 has a nowhere vanishing section. We propose here a method for
constructing inseparable triple covers of surfaces with singularities of type z3=xy,
that are obviously the best one can get in this case. Take £ a line bundle on Y
such that (see Section 4):

) HY, ZN\H°(X, £P #0

2) HY(Y,¥%)=0.

Take E an extension 0—~%"1->E->%72-0. Then one gets F*EQ(A?E) %=
0, %3, Normalizing the building map o€H(Y, Oy)H(Y, £%), we may as-
sume it is of the form o=(1,7) and we may identify it with 1€ H*(¥, £?). (Sec-

tions of type (0, t) do not build reduced covers!) The local description of the cover
is the following:

22=w
zw=c¢
w?=cz

where ¢ is a local representation for t. Equivalently, the cover can be described
locally by z*=c. So the cover corresponding to a section ¢ is singular over a point
y€Y iff dc=0 at y. The singularity is of type z8=xy iff ¢ has a nondegenerate
critical point at y. Note that both these conditions are in fact conditions on
the section 7, ie. they do not depend on the trivialization chosen for £. Set
W=HT, L\HY, £). Define VSWXY as follows: V={(z, y)ldr=0 at y}.
Consider the following properties:

a) the codimension of V" is exactly 2 and V is irreducible.

b) there exists (r, y)éV such that t has a nondegenerate critical point at y.

The general section of HO(Y, #3) yields a cover with isolated singularities
iff a) holds. There exists an open set of H®(Y, #?%) such that the corresponding
covers have singularities of type z8=xy iff both a) and b) hold. For instance, if
Y=P%(K) and Z=0,(m), m=1, both a) and b) are verified and the covers one
gets in this case are the well known Zariski surfaces.
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7. Lifting triple covers to characteristic zero

Assume R is a discrete valuation ring of characteristic 0, .# S R is the maximal
ideal and 3€.#. Denote by K the residue field R/4#. Let Y be a scheme over
spec R and let ¥, be the fibre of ¥ over the closed point of of spec R:

Yo > Y
¥ '
spec K — spec R

Definition 7.1. Given a triple cover (X,, ¢,) of Y,, we say that (X,, ¢,) “lifts
to characteristic zero” if there exists a triple cover (X, @) of Y such that (X,, @)
is obtained by (X, @) by base change.

Assume now that E, is the vector bundle on Y, associated to (X,, ¢,) and that
E is a rank 2 vector bundle on Y such that E,=E|y. Then the problem of determining
whether there exists a cover (X, @) of Y such that the associated module is E and
such that its reduction mod # is (X, ) is equivalent to determining whether a
given section of S®*E,Q(N* Ey)~2 can be lifted to a section of S*EQ(N?E)~2. Let
te M be a uniformizing parameter, let F be a coherent sheaf on Y and let Fy=F lYo'
Then we have the following short exact sequence of sheaves on Y : 0~ F —» F —F~0
and the corresponding cohomology long exact sequence:

0~ HYY, F)—> HNY, F) - HYY, Fo) 2> H\(Y, F) ...
So geH(Y, #,) lifts to characteristic zero iff da=0.

Example1.2. Y=Py, Y,=P%, E;=0pr(m)®0p~ (1), m, I€Z. Then every triple
cover of Y lifts to characteristic zero. In fact one just takes E=0pn (m)®0pn ()
and observes that the map: H(Y, Oy(m))~H*(Y,, Oy (m)) is a surjection VmEZ.

Proposition 7.3. Let Y be a projective R-scheme such that Yy=Y X .. g spec K
be a curve. Denote by K the algebraic closure of K and assume Y=Y, X pe. g spec K
is irreducible of genus =2. Let F,: Y®-Y, be the Frobenius morphism. Then
F, cannot be lifted to characteristic zero.

Proof. We wish to prove the proposition by contradiction. So assume F: XY
is a triple cover that lifts F, and assume E is the vector bundle associated to (X, F).
By Proposition 3.4, H*(Y, (A*E)~%)#{0}. Since Y is projective, H*(Y, (A2 E)~?) isa
finitely generated R-module. Then the map H(Y, (A2E)~2)-~H*(Y,(A*E)~%) is
not surjective by Nakayama’s lemma. If E,=FE ly, it follows that H oYy, (N2Ep)~%) =
{0}. Let E be the pullback of E, to Y, then one has H°(Y,(AE)~?%)=
H(Y,(NE)?) @xK#{0}. Let v: Y'Y be the normalization map. Then
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H°(Y, (A®E)~?) injectsin H(Y’, v*(A2E)~?) and so the latter is'a nonzero module.
On the other hand, v* E is the module associated to the Frobenius map on ¥’ and
so, by Corollary 6.2, there is an isomorphism A*E=wy, contradicting the existence
of a nonzero section of (A2E)~2. |}

Remark 7.4. Proposition 7.3 can be proven exactly in the same way in the
more general case of a curve defined over any field of positive characteristic. More-
over, the proposition is almost trivial if ¥, is a smooth curve. In this case Y is a
regular scheme and the fibre ¥; over the generic point of spec R is a curve of the
same genus as ¥,, by flatness. Assume that X is a scheme over spec R with closed
fibre ¥ and assume that G: XY lifts F: ¥;—Y,. Then the corresponding mor-
phism Gg: X,-Y; of the generic fibres is an isomorphism, since X; and Y; are
smooth curves of the same (positive) genus. It follows that the degree of G is 1
and therefore that the degree of F is also 1, which is a contradiction.

8. Inmvariants of triple covers of surfaces

In this section we assume that X, Y are smooth complete surfaces over an
algebraically closed field and that ¢: X—7Y is a triple cover. We wish to compute
the invariant KZ and x(0y) for the surface X in terms of Ky, x(0y) and of the Chern
classes b, and b, of the bundle L.

Proposition 8.1. Let X, Y be smooth complete surfaces and let ¢: X—Y be a
triple cover, then:

2(0x) = 33(0y)+1 b3 —3 b, Ky —b,.

Proof. Since ¢ is an affine morphism, x(0x)=x(0,.0x)=x(0y)+x(E). The
result now follows from the Riemann—Roch theorem. §

To compute K; we need the following:

Lemma 8.2. Let X, Y be smooth varieties and let ¢: X—~Y be a triple cover,
then:
0,0} = S?E”®@wj.

Proof. Consider the following short exact sequence of locally free sheaves
on Y:
02—~ 0,05 Qo, Ps0x > 005 ~0

2 denotes the rank 3 subbundle of ¢, wy Ro, PsOx generated by

{sa,®@a,—a,Qsa,|s€ ¢, Ox, a1, &€, wx}.
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Duality for finite flat morphisms implies: ¢, wx=0,0y Qwy. Let USY be an
affine open set, let {1,z, w} be a normal local base for ¢,0x on U and let ¢ be
a generator for wy[y. Xis described over U by the relations in Corollary 2.2. Denote
by {¢%, 0% ¢3} the base of ¢, 04 dual to {1, z, w}. The following is a local basis
for 0,0y Quy on U: Yy'=¢'Qa; *=¢>®a; Y*=¢*’®cs. The structure of
¢, Oy-module of ¢, 0y @uwy is given by:
2yt = (be+fOYP+(be—ef )3, wit = (be—ef )P +(cf+e)Y®
2P =l e, Wi = et +
2 = bYTfUTs g = Y fy
# is generated by {Y'@Y—y' @z, wi @Y -y @wylli, j=1, 2, 3,}. It is easy
to chzck that the submodule of # generated by {zy/'@y' —y'@zy, wyiQy'—
VoW, 2 @Y~ @ 2 + (@ @ Y~y @ ), Wi @ Yl Y @ i+ (wi @y -
yewpli,j=1,2,3} coincides with the submodule 4 generated by:
{V Y=y @Y, Y RYP— PR, b(Y PP~ @Y7, e(Y @Y —§ PRy,
SR —yP@y?), c(PP Y -y @y}
Since X is nonsingular by assamption, ¢, b, e, f cannot vanish simultaneously and
5o A is just the submodule of alternating elements, generated by {Y*@y*—y2Qy?,
PP — PRy, YRRy — Y@y}, Then it follows ¢, 0y @wyQ¢, 0f Qwy/As:
S2¢,04 @y and one has the following short exact sequence on Y:
0—-%/A > S0, 05 Q0% - ¢, 0% 0.
By abuse of notation we will denote the elements in ¢, 0y ®wy,Q¢, 0wy and
their classes in S%@,0; ®w} by the same symbols. %/4 is generated by
{zp' @Y~ @z, Wi @y —y @wyili, j=1, 2, 3, i<j}. A computation shows that
a basis for #/4 the following:
W YP YR Y = — Y QY — ey @Y+ (be +f NP Y+ (be—ef )P RYP
WYY@ zY* = Y Y+ ey @Yt - Y QY —fi ®yY°
WY YW = — Y DY [ DU+ el DY+ Y B Y,
Now consider the following short exact sequence on Y:
0,0y ~ S20,0x ~ S2E ~ 0.
Taking duals and tensoring with %, one gets:
0~ SPE” Quwi ~ S%0, 0300} - ¢, 03w} ~ 0.
We will prove the statement of the lemma by showing that the subbundle S2E~ @}
of §%¢,0; ®w} maps isomorphically onto ¢,w%. A local basis for S?E~ @w}
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on Uis: {y2@y? Y23, y2®y?}. Then it is evident that this basis together with
the basis of %/4 written above form a basis of S2¢, 0y @w? and therefore that
map S?E”®@w%->¢,0% is an isomorphism. |

Corollary 8.3, Let X,Y be smooth complete surfaces and let ¢: XY be a
triple cover, then:
K3 = 3Kj—4b, Ky +2b%—3b,.

Proof. Applying the Riemann—Roch theorem on X yields:

K3 = y(0%)—x(0).

Since ¢ is affine, one has: y(w})=yx(p,w%) and, by Lemma82, y(p,0})=
x(S*E” ®w}). A Chern class computation, together with Proposition 8.1, now
gives the desired result. J

Remark 8.4. The invariants of a triple cover of a surface are computed in [3],
Section 10, with a different method.

Appendix: triple covers in characteristic 2

For the sake of completeness we describe here in short the structure of triple
covers in characteristic 2. So in this section we assume K is a field of characteristic 2,
Y is an integral separated scheme of finite type over spec K, E is a rank 2 vector
bundle on Y and (X, @) is a triple cover of ¥ with associated module E as defined
in Section 1. The approach to the problem presented in Section 1 applies here too,
and therefore the trace map Tr: ¢, 0y—~0y, the bilinear form Q and the section
B(X, )¢ H(Y, (A\*E)™%) are defined exactly in the same way. In particular, it is
easy to see that Proposition 1.2, i) holds.

Proposition A.1. Let V be a rank 3 Oy-algebra such that V is an extension of 0y
by E, when we regard it as an Oy-module. Then the trace map Tr: V-0, gives a
splitting of the sequence 00y —~V —~E-O.,

Proof. Just remark that vV¢€0y Tr(f)=t. |}

Therefore it is possible to choose local coordinates {1, z, w} for V such that
{z, w} is a basis of the trace zero submodule of V.

Definition A.2. Such coordinates will be call “special local coordinates” .

Proposition A.3. Assume V is as in Proposition Al. Let u: S*V -~V be the
map defining the multiplication on V and let {1, z, w} be special local coordinates for
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Vg, U an open affine subset of Y. Then u has the following local expression on U':

p(D =1 pu@@=1z pw=w;
uw(z®) =az+bw; pw? =cz+dw;
u(zw) = dz+aw+ ad+ be.

Proof. Follows from Proposition 2.2, whose proof does not require any
assumption on the characteristic of K. |j

As in the general case, we have:

Theorem A.4. Let K be a field of characteristic 2. Let Y be an integral separated
scheme of finite type over spec K and let E be a rank 2 vector bundle on Y. Assume
V is a rank 3 vector bundle that is an extension of Oy by E and u: S*V -~V defines
on V an associative multiplication compatible with the Oy-module structure. Then it
is possible to associate with the pairs (V, p) an element o(V, W)€ H(Y, S*E(A\2E)™2)
in a natural way. Given two such pair (V, ), V', 1), we have oV, wy=c(V’, i)
iff there exists an isomorphism of extensions r: V~V’ which is also an isomorphism
of the algebras corresponding to p and y'. All such extensions are trivial. Conversely,
given t€H(Y, S’ EQ(A2E)™2), it is possible to define on the trivial extension
00y, ~0y®E—~E~0 a multiplication u such that 1=0(0yDE, p).

Proof. The theorem can be proven by using special local coordinates and
arguing as in Theorem 2.4. |

The results of Section 3 hold in a slightly different form.

Proposition A.5. Assume char K=2. Let (X, ¢) be a triple cover of Y. Then
B(X, ¢) vanishes identically on Y iff either X is not reduced or X consists of two
irreducible components, one of which maps inseparably onto Y.

Proof. First of all remark that the vanishing of B implies that ¢, 0y , is not
a domain. In fact, assume B vanishes identically: then the form Q is degenerate
at the generic point €Y. So there exist z€ @, Ox .\ {0} such that Q(z, x)=Tr (zx)=0
Vx€p,0x, ¢ If ¢,0x , were a field, then it would follow Tr (x)=0 Vx€¢,0x .,
contradicting Proposition 1.2, iii). So we may assume ¢, 0y , is not a field. Since an
artinian algebra can be decomposed as a direct sum of local algebras, we will prove
the proposition by examining all the possible cases:

a) ¢, 0y ¢is a local algebra. Then it has nilpotent elements and Q is degenerate.
b) ¢, 0x :2A, DA, D A3, A4; a 1-dimensional Oy, .-algebra. In this case X is
reduced and consists of three irreducible components and @ is nondegenerate.
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©) 9,05 =A4,®4,, where A,, A, are local algebras of dimensions 1 and 2
respectively. We have two subcases to consider:

¢’) A4, is not a field. Then it is easy to check that Q is degenerate and X is not
reduced.

c”) A, is a field. Then Q is degenerate iff 4, is an inseparable extension of
Oy, iff X consists of 2 components, one of which maps inseparably onto Y. |}

The branch locus and the singularities of triple covers are described in the next
two propositions.

Proposition A.6. Ler Y be a variety over an algebraically closed field K of char-
acteristic 2. Let (X, ) be a reduced triple cover of Y with associated module E.
Then the branch locus of ¢ is the zero locus of B(X, @)€H(Y,(A*E)™%). The
branch locus is not reduced and the form Q has rank 1 at branch points. The set of
points over which ¢ is totally ramified is the zero set of a section of S?EQ(N2E)™2.

Proof. For the first statement see Proposition 5.2. To prove the rest of the
proposition, take special local coordinates {1,z,w} for ¢,0x on an open affine
set USY. Then one gets:

1 0 0
0=10 0 ad+bcl; B = (ad+bc)?
0 ad+bc O

and the second statement of the proposition is now evident. There is total ramifica-
tion over a point y€Y iff A=¢ 04 Qo, K(») is a local algebra. Denote by x’
the image in 4 of an element x€¢, 0 ,. At a branch point, one has:

le — a/ZI+ b/wl
Zw =dzZ+aw
we2=cz2+dw.

The ideal generated by z” and w’ is the only maximal ideal iff it is nilpotent iff z3=
w3=0. One has: z3=(a2+b'd)z’; w3=(d"*+d )W'. So ¢ is totally ramified
over a point y€Y iff a*-+bd=ad+bc=0 aty. To finish the proof we show that these
expressions represent locally on U a section of S2EQ(AZE)™%. ¢, 0x=0,DX,
where A =FE is the kernel of the trace map. Define y as follows:

$20,05x = Oy®ADS2H L~ 0,DH = 9,04
} 4
S2E = PN ——> A= E
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A2y NS~ N2 A" has the following local form:
22 Aw? > (ac+bd)zAw; 22 Azw - (a2 +bd)zAw;
wiAzw—>(c2+ad)zAw. We can regard A2y as global section of
(A*SPE)" QN\2E = SPEQ(N\*SE) 'QNE = SPEQ(\2E)~2 |
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