On unbounded hyponormal operators

Jan Janas

0. Introduction

The theory of hyponormal operators in Hilbert spaces is now well developed.
We refer to [1] for a good presentation of the theory. In this work we generalize
the notion of hyponormality to unbounded operators. It turns out that unbounded
hyponormal operators share some properties of bounded ones. However it is un-
known whether other properties of bounded hyponormal operators also hold in
the unbounded case.

The paper is divided into three parts. Part1 contains a few simple results
concerning mostly spectral properties of unbounded hyponormal operators. Part II
introduces a class of hyponormal operators which have their spectra contained in
an angle {z€C, |arg z|=0<mn/2}. We also prove that hyponormal operators with
spectra contained in the half plane {z€ C, Re z=0} are maximal accretive operators.
Part III gives certain examples of unbounded hyponormal operators (differential
operators of the order one or two and a class of composition operators in L2(u)).

In what follows the following notation will be used. For an operator T in a
complex Hilbert space H we denote by D(T), T*, ¢(T), the domain of T, the adjoint
to T, the spectrum of T respectively. If DcD(T), then T|, stands for the clo-
sure of the restriction of T'do D. Other symbols are standard or will be defined in
the text.

Let T be a densely defined operator in H.
Definition. We say that T is hyponormal in H if
1) DT)c DT
i) x| = |T*x], xeD(T).
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Remark 1. If, moreover, Tis closed then «7+f is hyponormal for any o, € C,
and the operator T[, is hyponormal for any dense, linear subspace DcD(T).
Here are simple examples of unbounded hyponormal operators.

Example 1. Let «,€C be a sequence such that |o|=|o,,] for every k. Then
the weighted shift with the above weights is hyponormal.

Example 2. 1f T is hyponormal and ¥ is an isometry, then T=VTV* is also
hyponormal.

Example 3. Let 4 and B be hyponormal operators. Then T=A®B is hypo-
normal in H®H. Here AQB denotes the closure of the algebraic tensor product
Ao B, defined on the algebraic tensor product D(A4) © D(B).

Example 4. If S is an unbounded subnormal operator (see [9] for the definition)
then S is hyponormal.

Later we shall give more interesting examples of unbounded hyponormal
operators.

The following proposition states a few simple properties of unbounded hypo-
normal operators.

Proposition 1. Let T be a densely defined operator in H. We have

i) T is hyponormal iff T*|pq=KT, where K is a contraction.

ii) If T is hyponormal, Ker T={0}, R(T)=H, then T~ is hyponormal.

iii) If T, and T, are closed hyponormal operators and there exist injective, bounded
operators X and Y with dense ranges such that XT,ET, X, LY2YT,, then o(Ty)
=0(T).

iv) If T, are hyponormal, D(T)CD(T;.+)<D (T, )< D(TY) and for any e>0
there exists ny=ny (&) such that for every m=n=n,

[ Tmx—Toxll = e(xI| +I T, x| + | TmxID)
for all x¢D(T,) and
[Tmy—T5 | = eIyl +IT v+ Tyl

for all yeD(TY), then there exists lim, Tx=Tx, x€\J, D(T;), T is also hypo-
normal and

o(T) =N, Usl, o (T0)-

Proof. i) The proof is similar to the one given for bounded hyponormal opera-
tors, see 1, p. 3].
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ii) Let y, we D(TH)=R(T), so y=Tx, w=Tv. Using i) we can write
T*ory = KT, |K|| = 1.
We have .
T *w, y) = (v, Tx) = (T*v, x) = (KTv, x) = (Kw, x) = (w, K*x),
and so yeD((T~H*).
A similar reasoning gives
1Tyl = 1Tyl

iii) By symmetry it is enough to prove that XT,ST,X implies that o(T)C
o(Ty). Suppose that A¢o(T) (if o(T)=C then there is nothing to prove). Let
c=|(A-T;)7*|. Following ideas of [2] we define the sequence

g =c"X(A-T)"f, n=0,1,....

Note that g,6D(T,). Moreover, by repeating the proof of Lemma A of [2] in our
case, one can check that the sequence |g,| is monotone decreasing. In parti-
cular, we have

lg:ll = llgol

IC-T)XA-T)f| = | Xf || = ¢ | XGA—-T) /.

ie.

Thus (A—T,) is bounded from below on XD(A—T,). Let S=(i—T,)| XDG—Ty)"
One can easily check that R(S)=R(X). Hence there exists S 1€ L(H).

Thus (A—-T;)*SS™* has a bounded inverse on R((A—T)*). Now R((A—T5)*)=2
R(A—T)=H, so (A—Tp)*~! exists on R((A—Tp*)=H and Ado(Ty).

iv) This result is implicitly contained in [4]} and its proof is omitted.

The proof of Proposition 1 is complete. The next result concerns generators
of hyponormal semi-groups.

Proposition 2. If R, >t—~T, is a continuous semi-group of hyponormal operators,
then its generator
Af = Tim (T, f~f)
is hyponormal. ’

Proof. Let A,=t Y (T;—I). For any f, gcD(4) we have
I(4f; &) = Jlim |(4.f; )| = lim |(f, 4/2)]
= 11 Jim 1472) =11 lim L4l = /1 14g]-

Hence geD(A4*) and | 4*g|=|A4gll.
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1L

Now we shall restrict ourselves to hyponormal operators with spectra contained
in angles. Namely, for 0<6=n/2 define S,={z€C, |argz|]<0}. It turns out that
hyponormal operators with spectra contained in S, have nice properties. In what
follows, by hyponormal operator we mean closed operator.

Proposition 3. Let T be a hyponormal operator with ¢(T)SS,ja—9, Where 0<0=
n/2. Then — T generates a bounded holomorphic semi-group in Sg.
Proof. Applying Th. X. 52 of [7] it is enough to prove that for 0<68;<8
IA+T)7Y = My [dist(— 4, Szje-0)] 7 AEC\Srj2-0,-
Since (A+T)71 is also hyponormal, this is immediate by the following inequalities
HA+T)~1 = [dist(4, a(—=T))] 7 = [dist (— 4, Sgjz-e)] ™.

Remark 2. Note that —7 also generates a holomorphic semi-group (of ex-
ponential growth) if its spectrum is contained in set

So,s = {z€C, Rez = 0}n{z, larg(z+a)| < 0, a=0}.

In fact, applying Th.5.1 of [3] we have to show that there exists
b=0 such that
[(A+T) " = CIAIT?

for all 2 with Rel=0 and |Im A|=b. Let b=>b,=a-tanf. Now this is clear
from the following picture.

L
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For oc=%~0 we have

—l” <_1.-— 1 - b
T d " JA—=bysina T (b—by)|Asina”

1G.+T)

Corollary 1. If T is a hyponormal operator and o(T)C Sy ,, then o(e~T)=
{e % zea(T)}U{0}.

It turns out that hyponormal operators with spectrum contained in the half
plane C,={zcC, Rez=0} are maximal accretive.

Lemma 4. If T is a hyponormal operator in H with o(T)SC, then T is a
maximal accretive operator in H.

Proof. For A€Int C, the resolvent (A+T7)~! is hyponormal, hence
[A-+T)7Y = [dist(= 4, 6(T))" 1] = Re )L
Hence T is m-accretive and so it must be maximal accretive [6, p. 729].

Corollary 2. Let T be a hyponormal operator with Ker T=1{0}, o(T)CS,, 0<
0=mn/2. Then for any bounded and holomorphic function fin Sy, we have f(T)€.ZL (H)
and | (D =Coll fllw, e=>0.

Proof. By Lemma 4 we know that T is a maximal accretive operator in H.
Hence T must satisfy the so called quadratic estimates, see [5, p. 227]. Applying
the theorem in [5, Sect. 7] we obtain the desired inequality.

The following application of Corollary 2 seems to deserve mentioning. For
this we need to recall the notion of analytic vectors.

Definition. Let A4 be a closed linear operator in H. We say that fcC*(4)=
Miwy D(4 is analytic for 4 if there exist #>0 and =0 such that

I4*fll = ak!r*, k=1,2, ...

Let us denote by D®(4) the set of all analytic vectors for 4. In the case when
A4 is a positive, selfadjoint operator in H, Nelson proved that

D2 (A) = Us»o e—tA(H)-

It turns out that the same equality holds for hyponormal operators which have
their spectra contained in S,.

Proposition 5. Let T be a hyponormal operator in H with o(T)<S,,
O0<O<m/2. Then
D*(T) = Us»oe T (H).
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Proof. First note that e=*T is well defined (by Proposition 3). Let f€D®(T)
then by the definition we can write

IT*f || = ak!'r*, k=1,2,....

Take O<s<—:—. We have

w  |IT*f] w
Z'k=o———-—l k!fl Sk =a 3 (rs) <,

and so f€\ ;o e~ *TH. To prove the opposite inclusion suppose that g=e~*Th
for a certain s>0. Then for any k€N

IT*gll = |\T* exp (—sT)Il | 4]
By Corollary 2 we know that
IT* exp (= sT)|| = Coll "™ -

Therefore it suffices to estimate sup,s |Z¢~|. Denoting Cp=V1+tan’6,
z=Xx+1Iy we have
sup |(x+iy)tle=> = Cfsupx*e~=* = Cik!(1/s)*
>0

Z€Sy x
and so g must belong to D®(T). This completes the proof.
We end this section with a lemma which will be useful in the next one, where
some specific examples of hyponormal operators will be given.

Lemma. Let A be a densely defined operator in H possessing a formal adjoint A*
such that

(%) (Au,v) = (u, A*v)

for all u,veD, where DS D(AND(AY) is a dense subspace of H. Assume that
4% u)| =||Au for u€D. Then A is closable and T=A|p, is hyponormal.

Proof. Tt is obvious that 4 and 4™ are closable. Moreover, by (%) we have
AT cT* andso At cT*. One cancheck easily that D(T)ED(A4"). Hence D(T)E
D(T*). Now for xéD(T) there exists a sequence x,€D such that x,—~x and
Ax—~Tx. Thus

ITxl| = lim || Ax| = Lim | A* x| = | 4% %] = [T*x|.

111,

Despite the simplicity of the definition of hyponormality it is far from trivial
to check when a given operator is hyponormal. In what follows we shall give some
nonobvious examples of unbounded hyponormal operators. We start with a dif-
ferential operator of the first order.
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i d .
Example 1. Let T= (ao—-—a;—ial ——-] , where a, and 4, are functions
2 dx Jicz®

of C* class and satisfy the following conditions
1) Regy(x)=0
2) a,=ib,, where b,(x)=cx/Re ay(x), ccR.

Proposition 7. Under the above conditions 1) and 2) the closure of T defines a
hyponormal operator in L>(R) if
o) ¢=<0 and 2—x(ReagyReaq;) =0

or
B ¢=>0 and 2—x(ReaqyReaq,) =0.

The proof can obtained by direct but tedious computations (integration by
parts and the last Lemma). Note that nontrivial a, satisfy the above requirements.
For example: ay(x)=x% a=2, ay(x)=e"*" or ay(x)=e* for x>0 (in the last
case T is hyponormal in L2(R.)).

Example 2. Let D;=i~*d/dx;, j=1, ...,n. For a;, b;¢C, define L=L(X, D)=
2i-1(@x+b;D)l,, where & stands for the Schwartz space in R". Denote by

J

L*=3.(a;x+b;D;). By direct computation we find that

(Lu,v) = (u, L*v)
and
(L* L—LL+)w = 4 Im (a, b)w,

where w,v,u€% and (a,b)=2;a;b;. Hence L (the closure) defines a hypo-
normal operator in L?(R") whenever Im (a, b)=0. Moreover by a recent result of
[8] we know that L is even subnormal.

Example 3. Let o(x, H)=a,(x)+a,(x)E+E2, x€R, EER, where ay(x)=Bx+y
and a(x)=ex+¢ with B, 7, &, g€ C. We associate with o(x, £) the differential
operator A=0,(X, D) of order 2 restricted to &, and given by the Weyl prescrip-
tion [9]. For numbers B, ¢, ¢ we define the following conditions

i) Ime=0
i) Iméf =0
iil) [Im(eg+2/))? = 8 Ime(Im gf—Ime).
Let A* be a formal adjoint to 4 i.e.
(Au,v) = (u, A*v) for all wu,veS.

From the general theory of the Weyl correspondence we know how to find the Weyl
symbol of 4% .A4A—A.A". This enables us to prove the following result (whose
proof will be given elsewhere).
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Proposition 7. The closure A gives a hyponormal operator in L*(R) if B, &, ¢
satisfy the above conditions 1), 1i) and iii).

Example 4. The last example describes a class of composition operators C; in
L2(X, ) which are cohyponormal (i.e. C} are hyponormal).

Let (X, B, n) be a measure space with a ¢-finite measure u i.e. X=J;_, Xi,
where p(X;)=<+-c. Suppose we are given a measurable bijection 7: X—X such
that =1 is also measurable and pot i<y

Let C.f=for, fe L*(1}. We shall find a condition for C, to be a cohyponormal
operator in L*(y). Let p=d{uot™Y/du be the Radon—Nikodym derivative. Note
that characteristic functions of sets of finite measure belong to the domain of C¥
provided that py € L*u) for all 4 such that p(4)=<e, and

CH(2) = p(Df(z7(2))-
Hence

(1 Iczfi2 = [ PO 1)) du
= [1f PP (z(m) d(uot) = [1fmEp(c(w)) dp.
Take f=y,, where u(A)<o-. Then by (1)

ICiriz= [ p(e(x) du <.
Since

@ [ifordp= [ p(z)du<e
it is evident that f£D(C,).
Under the above assumptions we have

Lemma 8. The operator C¥ is hyponormal in L2(u) if and only if pot=p a.e.

Proof. Necessity.

If |CIh|2=|C.h)? for every heD(C,) then put h=y,, u(d)<e into this
inequality.

We have

ICthi = [ pr(xw)d(uor) = [ p(zW)du = [ pw)dp = |C.hI2
Since A is arbitrary it follows that por=p a.e. Sufficiency.
If por=p a.c, then for feD(C¥) we have by (1) and (2)
IC*12 = [ 17 p(ew) di = [ IfDEp(w) du = IC. S 11

The proof is complete.
We conclude by considering special C, in L2(u) over the Heisenberg group
X=H,=CXR. Namely let du=exp(—|ul*/2)dV, where dV is Lebesgue measure
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in CXR and |uj*=|(z, t)|*=|z|*+¢2. The group Hj, has natural dilations §,(z, t)=
(rz, r%t), r>0 (note that |,(z, £)]=r|(z, t)|). If r=1 they induce a bounded opera-
tor C, in L?(u). By direct computation we find that

p(z ) =r~*exp[(1—r~9)[(z OI*/2].
Hence pod,=p forall »=1 and so, by Lemma 8, the C, are cohyponormal. More-

over the C, form a semi-group
©, D3¢ -~ C,.

It turns out that its generator can be found explicitly and we have:

Corollary 3. The infinitesimal generator C of the semi-group C, given by

s Y
Cf_ZaZ+2tW

is cohyponormal in L?*(Hg, du).

Appendix. When this work was completed we learned from J. Stochel that
S. Ota and K. Schmiidgen also defined unbounded hyponormal operators. They
called them formally hyponormal, probably by analogy to formally normal opera-
tors. If in addition D(T)=D(T™), then T was called hyponormal. Moreover they
also proved an analog of our Proposition 1 iii).
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