A new proof of a sharp inequality concerning
the Dirichlet integral

Donald E. Marshall*

If fis an analytic function defined in the unit disk, 4, let

a( = ([, 1r @r2)”

T

(z =x+iy)

be the Dirichlet integral of f. In this note, we will give a new proof of the following
theorem.

Theorem 1 [4]. There is a constant C< o such that if f is analytic on 4, f(0)=0,
and 9(f)=1 then

[Fereardp=c.
0

See [4] for motivation. Following a suggestion of L. Carleson, we give a proof
of this theorem based on an unpublished result of A. Beurling. In Section 1, we give
a proof of a version of Beurling’s theorem. In Section 2, we use Beurling’s theorem
to reduce our problem to an integral inequality due to J. Moser [7]. Finally, in
Section 3, we give a proof of Moser’s inequality. We would like to thank P. Jones
for helpful discussions.

1. Beurling’s theorem

If f'is analytic on 4, let y, be the level curves of f defined by y,={z€4: | f(2)| =t}
and let | f(y,)| denote the length of the image of these curves under the map f.
In other words, |f(y)l=f 7 1 (@) dz| where |dz]| denotes arc length. If E is a sub-
set of the complex plane, let cap (E) denote the logarithmic capacity of E.
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Theorem 2 (Beurling). Suppose f is analytic in a neighborhood of the closed unit
disk and suppose that | f(z)|=M whenever |z|=r. Then

cap {¢”: | f(e")] > x} = r~V2exp {"‘f . V‘(%}

We remark that if fis also univalent and f(0)=0, we may take M to be the
radius of the largest disk centered at 0 contained in the image f(4). In this case,
two applications of Koebe’s 1/4-theorem show r~12=4. However, the proof below

L7 Ol )112 which
M kl

can be modified, in this case, to replace the constant r—V2 by (

is at most 2. This latter result is sharp, for if fis the conformal map to a slit disk
of radius x, the inequality is actually an equality. This case, with constant 4 can
also be found in Haliste [6, Theorem 3.2], and is related to a classical distortion
estimate of Ahlfors. We will use Beurling’s estimate to obtain an integral inequality
that is delicate both in its growth dependence on x and on the initial value M, which
we must take larger than the distance from 0 to the complement of f(4) when f
is not univalent. Tsuji [8, p. 112] has proved a similar result, where the upper limit
x is replaced by tx, t<1, and the coefficient %2 is replaced by a coefficient that
becomes unbounded as t—1. To prove Theorem 1, we need t=1.

Proof. We adopt the notations and definitions of [2]. If Q is a domain in the
plane and if E;, E,C0Q, let do(E;, E,) denote the extremal distance between E;
and E, with respect to the region Q. It will be clear from the context which regions Q
we consider below, so we will drop the subscript Q. For example, if C, denotes
the circle centered at 0 of radius a, then d(C,, C)=(1/2x) log s/t, for s=t. By Theo-
rems 2.4 and 4.9 of [2]

~ ~log(cap E) = lim {d(C,., E)~d(C., C,)

for subsets E of d4. Since the disk of radius r is contained in {z: { f(z)l<M} by
assumption, we obtain

1 ie . i0 = 1 1
--Elog(cap {e?: |f(%)] = x}) = 111_1’13 d(,, yx)+57;logt

. 1
= ltl_{% d(Cn Cr)+d(cr9 yM)+d(yMa yx)‘*'%‘ IOg t

1
= ?log r+d(yy, 7.)-
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In the case where £ is univalent and £(0)=0,

. 1 . 1
1}_{% d(Cts 'Yx)'{'EE'IOg = {‘_{{.} d(?t[f’(O)[ s ‘Yx)'l'?’_E'IOg t

: 1
= lm d(py o) i)+ (x> ) +5—-log 1.

By the conformal invariance of the extremal distance, this latter quantity equals

1 M
d(Vus Yx)+7{10g7(—65|—'

To prove our theorem, we must finally show

x dt
d(yps ) = me

We define a metric on 4 by

1@
@ =T

Let Q) .={z: M<|f(z)|<x}. By converting to polar coordinates on the Riemann
surface f(4), we obtain

i LS @l
Jov, €@t = =g = LT

If y is a curve in @, , such that y(0)€y, and y(1)€y,, then

if zey,.

_r L aldz _ |dw| _ = _dt
nyIdZI—fy £l ff(v) Gl = Im [

Thus d(yu, 70= [ , proving the theorem.

dt
| f (o)l
2. Proof of Theorem 1

We need the following elementary lemma.

Lemma. There is a universal constant r=0 such that: for each f analytic on A
with f(0)=0 and D(f)=1, there is an M (depending upon f) with
(i) 0<M=1 '
(i) {z: |z|<r} is contained in {z: | f(z)|<M}
(i) fo' |fO)| dt=nM?/3.
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Assuming the lemma for the moment, we proceed as follows.
We first note that we may suppose f'is analytic in a neighborhood of the closed
unit disk. One way to see this is to observe that if f,(2)=f(rz), then [edo=
o 1/n! [1£,>"d6. Since the L* norms of f, increase with r to the L* norm of f,
we see that lim,_, [ el/"*do=[ " d0.
By Theorem 2.7 of [2], the lemma above and Beurling’s theorem

. [{8: 1f(€®)] = x} - -1s2 x dt
sml 7 | = pV exp{——nme}

where |E| denotes the linear measure of a subset E of d4. Thus

f:n elfEIPdg = 2p 4.2 f : |{0: Lf(e®)] > x}l exx dx

= 27c+4nf:l ex’x dx+7tr“1-’2f;:lf""°exp {x2 ~z [ i——}x dx.

M| f(p)l
Let
x| nMx if 0O=x=M
[ e a
2(x) = dt M2
nf” i if M=x<|flo.

+ M
AL N VO
By the lemma a(M)=3, and M=1, so it suffices to bound

) [REE I

0
Note that o’(x)=>0 and «(0)=0. Let
x if y=alx)
Iflle iy > flof.
1. V0l
T

@y ={

Then ¢(0)=0 and f (@ rdy={

of variables, (1) becomes

dt=2%(f)=1. Using this change

[o #0030’ () dy.

By an approximation we may suppose ¢’ is continuous and has compact support
in (0, =). Integrating by parts, we find that it suffices to show that there is a con-
stant C=< < such that if ¢ is absolutely continuous, ¢(0)=0, and f S(e’(m)rdy=1
then

* p03()~
fo e?M-ydy = C.
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This was done by Moser [7]. If the assumption that ¢(0)=0 is dropped, this latter
estimate fails. That is why we need control on the ratio zM?/f (‘,‘ | f(y)| dt as pro-
vided by the lemma, and consequently need the correct lower limit in Beurling’s
integral estimate.

Proof of the lemma. I f(2)=37 a,z" then P*(f)=3", nla,f? so by the
Cauchy—Schwarz inequality

@1 = 9 [iog =) = (108 =) -

Hence |f(z)|<M if |z]<(l—e M2, If the analog of Bloch’s theorem for disks
centered at 0 were true here, i.e. if f covered a disk of some fixed radins M,, centered
at 0, then the lemma would follow with r=(1—e~)"2. Unfortunately, this is
not the case, so we proceed as follows: Note

JX £ dt = nRe

nR?
for small R. If [|f(y)ldt>
(1—e™H'2 Otherwise we may assume nM?¥3= [if1f(3)ldi=nM?2 for some
M, 0<M=1. Then f(4) omits at least two points a,b with M/2=|a[=[b|=M
and [b—a|=M/2. If - denotes the covering map of 4 onto C\{0,1}, then by
f(2)—a
b—a

for all R, 0<R<1, let M=1 and r=

the monodromy theorem g(z):l“l( ] can be defined to be analytic and

—a —a
b—a b—a
lg(0)] <c<1 for some universal constant ¢. By Schwarz’s lemma applied to
f(z)—a
b—a
small and independent of f and M. Hence |f(z)]<M on |z|<r.

1
bounded by 1 in 4. Note that :Il—él —-llzz, so that

=2 and l

must liein a disk of radius at most 1/8, if |z|<r with r sufficiently

3

In the course of discovering the lemma, the following problem arose, which
we were unable to ‘solve:

Does there exist a universal constant »>0 such that if /is analytic on 4, f(0)==0,
and for some M, foM | f(p)l dt<mM?, then {z: [z|<r}is contained in {z: | f(2)|<M}?
Here, as before, y,={z€4: | f(z2)l=¢} and |f(y)I=/[, | f'(2)] |dz]. If f is univalent,
r=1/16 will work by two applications of Koebe’s 1/4-theorem.
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3. Moser’s theorem

In this section, we give a shorter proof of Moser’s theorem.

Theorem 3 (Moser {7]). There is a constant C< o= such that if f o V2 dy=1
then [& e FOdt=C where F(t)=t—([}¥(»)dy)*

The key lemma in Adams [1] is a generalization of this theorem. Adams attrib-
utes the technique of the proof of that lemma to a private communication of A. Garsia
to J. Moser. Extracting the technique in Adams’ lemma and applying it to Moser’s
theorem, as stated, the following remarkably simple proof emerges.

Proof. Note that (f:,l/l(y) dy)2§tf;° Vi(y)dy=t, sothat F(t)=0. Let E;=
{t=0: F(t)=A4}. It suffices to show that if 1;, %,€E, with 2A=f<t,, then f,—
1,;=20A. For then |E;|=221 and [g e F®dt= [ |E;le-*di=22. Note that if
tEE).9

t=2= ([LvOD) =1 [ dy=1—1 [T yro)dy,
and so f . Y2(y)dy=A/t. Thus
62 = ([0 dy+ [P YOI BT = [0+ -0 ([T 92 0) ) )
= [A2 4 (t,— ) 2GR = 4+ 2(— )2 A2+ (6 — 1) 2.

3
We conclude o) (ta— ) =A+2(t,— ;) 222 41, — 1, =(2Y* + (1, — 1,)")? and hence

_ A
2_t1 = ————‘((_2_)1/2_1)2

A similar proof shows that if [ y?(y)dy=1 then [7 e~"®dt=C, where F(t)=

2 < 204.

1 1
t—(fo v (») dy)s, —1-)—+;= 1, l<p<o. As Adams remarks, this technique does not

seem delicate enough to find the best possible constant C. See Carleson and Chang [3]
for a numerical estimate of the best C. After this paper was written, a more general
version of Theorem 1 was discovered by Essén [5], using somewhat different methods.
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Editors’ note: The Arkiv fér matematik apologizes for the very delayed publication of this
paper. The delay was caused by an unfortunate misunderstanding on the part of the editors.



