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Abstract

Let K be the class of trigonometric series of power type, i.e. Taylor series
> 2" for z=e€', whose partial sums for all x in E, where E is a nondenumerable
subset of [0, 2%), lic on a finite number of circles (a priori depending on x) in the
complex plane. The main result of this paper is that for every member of the class
K, there exist a complex number w, |w|=1, and two positive integers v, %, v<u,
such that for the coefficients ¢, we have:

Cutae—y) = 0% p=v,v+1,.,%—1, A=1,23, ...

Thus, every member of the class K has (with minor modifications) a representation
of the form:

P(X) 2:;0 eiknx’

where P(x) is a suitable trigonometric polynomial and k a positive integer. The
proof is elementary but rather long. This result is closely related to a theorem of
Marcinkiewicz and Zygmund on the circular structure of the set of limit points of
the sequence of partial sums of (C, 1) summable Taylor series.

1. Introduction
Let

(1.1) 2 oG, x in [0, 2n7),

be a trigonometric series of power type, i.e. Taylor series. The partial sums and the
Cesaro means of (1.1) will be denoted by s,(x) and g, (x) respectively, i.e.

n iv 1 n
S,,(X) = 2v=0 e x, O'n(X) = n——l—l y=0 sv(x)'
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It will be convenient to introduce some more notation. By C(z;r) we shall
mean the circle (circumference) with centre z and radius r=0. By L(x) we shall
denote the set of limit points (including the point at infinity) of the sequence of
partial sums of (1.1). L(x) is a closed set which reduces to a single point if (1.1)
converges (or diverges to infinity). If (1.1) is (C, 1) summable to a (finite) sum o (x),
ie. lim,,  6,(x)=0(x), x fixed, then we write: m(x)=liminf,_ _ r,(x), M(x)=
lim sup,._, .. ,(x), where r,(x)=|s,(x)—0o(x)]. The Lebesgue measure of a set £
will be denoted by m(E) and the cardinality of E by card E. Finally, we say that
a set S in the complex plane is of “circular structure”, if there is a point z, (centre
of §), such that whenever a point z belongs to S, so does the whole circle
C(zy; |2—2z,|). In other words, S is the union of a finite, denumerable or non-
denumerable set of circles with common centre z, and radii =0.

A celebrated theorem of Marcinkiewicz and Zygmund states that: “If the series
(L.L1) is (C, 1) summable to a (finite) sum o(x) for all x in a subset E of [0, 2x),
then for almost all x in E the set L(x) is of circular structure with centre ¢(x) and
extreme radii m(x) and M (x)”. (See {2] and [3] V.11, p. 178, for the proof and com-
ments on this theorem). In connection with this result A. Zygmund asked the ques-
tion: “If the series (1.1) is as in the above theorem and m(E)=0, is the angunlar
distribution, around o(x), of the limit points of the sequence {s,(x)} uniform?”.
The question is not exactly stated, especially when o (x)€L(x), but a precise state-
ment is one of the difficulties of the problem.

A first step in this direction and, as far as the author knows, the only one in
the literature, is a recent result of J.-P. Kahane (see [1]). Roughly speaking J.-P. Ka-
hane introduces for each complex sequence {z,} and each compact subset K of C
an “upper density” d{(z,), K}, and following the general lines of the Marcinkiewicz
and Zygmund proof, he arrives at the following theorem: “If (1.1) is (C, 1) summable
to a (finite) sum o(x) for all x in a subset E of [0, 2%), m(E)=0, then for almost
all x€E we have: d{(s,(x)), Ky} =d{(s,(x)), K} for all pairs of compact subsets
K., K, of C which are obtained from each other by rotation around ¢(x)”.

Marcinkiewicz and Zygmund illustrate their theorem by giving several examples
for which it is easy to verify that for almost all x in [0, 27) the corresponding se-
quences {arg[s,(x)—c(x)]} are uniformly distributed (see § 5, Remark 4). Some
of these examples lead to series of the form: P(x) 32, €™, where P(x)is a suitable
trigonometric polynomial and s a positive integer. In this case, except for a finite
number of x’s in [0, 27n), L(x) is a union of a finite number of concentric circles.
At this point one can ask: “Is the converse true?”. The answer is no. For example
if we add the series > €™ to an everywhere convergent series, then for x#gr,
g€Q, the set L(x) is one circle, but the resulting series is no longer of the above
form. However, series of the above form have a special property; Not only the
limit points of {s,(x)} are situated on a finite number of concentric circles, but the
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same is true for the sequence {s,(x)} itself. The main result of this paper is that the
answer to the above question is “yes” if we take into account this special property.
More precisely we prove:

Theorem 1. Assume that there is a nondenumerable subset E of [0,2r) such
that for each x€E the partial sums of (1.1) lie on a finite number of circles in the
complex plane (the number of circles, their centres and radii a priori may depend
on x). Then:

(i) There are two positive integers v, x, v<ux, and a real number 8, such that
the series (1.1) has the form:

(1.2) Po(x)+€™*P(x) 37_ et —ME+3),

where

(1.3) Po(x) = cp+cre*+cpe™ + ... +c,_, e~ D*
and

1.4 P(x) = ¢, +cy 1€+, 88 .. ¢, VD%

(ii) There is a positive integer m, such that, for all but a finite number of X’s in
[0, 2r), the partial sums s,(x) of (1, 1), with n=v, lie on exactly m concentric
circles.

We observe that (C,1) summability is not needed but it follows from the
theorem. We return to this point in the last paragraph of this paper where we offer
also more remarks and consequences of Theorem 1.

Acknowledgements. This paper is the main part of the author’s thesis made at
the University of Crete (Greece) under the guidance of S. K. Pichorides, who
suggested the problem of representation of (C, 1) summable Taylor series by finite
combinations of geometric progressions. For this reason as well as for several other
useful suggestions T would like to express my gratitude to him. I am indebted to
J.-P. Kahane and V. Nestoridis whose remarks on the cardinality of the set E are
included in this paper (see addendum). I would also like to thank V. Nestoridis and
S. Papadopoulou who read carefully the whole manuscript and made several useful
remarks, which greatly improved the presentation.

2. A basic lemma and the case of one circle

As a preparation for the proof of theorem 1, which is given in § 3, we prove
a basiclemma and the special case of partial sums lying on one circle. Strictly speaking
this special case is not needed, but we think that it will clarify the role of the basic
lemma.
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We start with a remark for the partial sums of the series (1.1), which is useful
for the proof.

If n<m and s,(x)=s,(x) theneither ¢,,,=¢,,,=...=¢, =0, or x£F, where
F is a finite subset of [0, 2r). Since we deal only with infinite subsets of [0, 2r),
we may suppose (excluding countably many x’s if needed), that only the first case
can arise here. Thus when s,(x) and s,,(x), n<m, differ (on an infinite set), then at
least one of the coefficients c¢,.y, Cyiss ---» C,, IS NOt zero, and vice versa.

Let 4 be a nondenumerable subset of {0, 27) and n, m, n<m, two positive
integers, such that:

@) ¢,c,#0.

(i) For each x€A there is a circle C(z(x);r(x)) (or a straight line, when
z(x)=-ce), which passes through s;(x), s,(x), 5,(x), 5;(x), for some j=j(x)<n and
k=k(x)=m.

(iii) 8, (x) s, (x).

Because of (i), (iii) and the preceding remark these four partial sums are distinct
points of the complex plane.

Lemma 1. Under the above assumptions we have:

If cop1=...=¢u1,=0, C,3,41#0, =0 (g=0 means c,.,7#0), then

@) cpii=-.. =Cpyq=0, Cpyg+1#0.

(b) There is a nondenumerable subset B of A and nonnegative integers N<n and
M=m+gq, such that sy(x), $,(X), 5, (x), s34(x) lie on a circle for every x in B. Moreover,
Jfor any such N, M and for each s, where s=1, 2, ..., min (n~N, m—n—gq, M—m—gq),
we have:

-1 = -1 -
2.1 2;___0 Ch—jCntqts—j = Z;:D Cm—jCmtq+s—j-

Proof. For every x€A consider the n circles (or straight lines) Cj,
Jj=0,1,2,...,n—1, where C; passes through s,(x), s,(x) and s5;(x). Because
of (ii) there is at least one k=k(x), k=m, such that 5,(x)€C; for at least one
j=0,1,2,...,n—1. Let

Ay ={x€d: 5,(x)C;}, j=0,1,...,n-1, k=m+1,m+2, ..

Since the union of all 4;,’s is 4 and 4 is nondenumerable, the same is true for
some Ay u, i.. there are N<n and M=>m, independent of x, such that Ay ,
is nondenumerable. We write B for such an Ay ,,. We can obviously assume cy ;%0
and ¢y #0. Thus, we have four distinct partial sums sy(x), 5,(x), (%), 53 (%),
of (1.1), which are situated on a circle (or a straight line) for every x in B. We con-
clude that the cross-ratio:

Sy (x)~5,(x) | sn(x)—5p(x)
S (X)—55(x) " 5,(x) 53 (%)
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Figure 1

is real for every point x in B. (In Figure 1 for simplicity we write ¢ instead of
a, e’ +e+D* y We write:
B =s5,(x)=sn(x); 7= Sn(x)—=5y(x), O = 5py(x)—5(x)
Ay =CNy1s Oy = CN42s cves 1 = Cpy By = Cpy1s Gyl = Cpans eves Gy -1 = Cpys
Ayys = Cpits Qyizs1 = Ciss oo Ay = Cy, Where v =ux-+i+p.
Since ¢y 1c#0 we have aya,_,#0. Then, for every x in B, we have that
+ 0y —1 Yy
Py0(B+7+98) is real. This means that the expression:
(aoei(N+1)x+ alei(N+2)x+ +ax_1ei(N+x)x) (axe—i(N+x+l)x
+£7,,+1e‘i(N+”+2)"+ +c—ln+}._1e—-i(N+x+}.)x) (ax+lei(N+x+}.+1)x
+ ax+;‘+lei(N+x+).+2)x+ B av‘lei(N+v)x) (aoe—i(N-)-l)x
+a e VDT 1g e~ ')
, . :
equals its conjugate, for all x in B. This in turn leads easily to
(@+@me™+...+a,_16* %) (@, 5 +8ys 30+ +8,64 V%) (g,
SR TOTRT - O Y Y R M- S A |
= (ax—1+ax—2eix+ A +a0ei(x_1)x) (an+ ax+1eix+ et ax+}.—1ei(;'_1)x) (av—l

+5v_2eix+ e +6—1n+lei("‘1)x) (a0+ alei"-l— eee '+' av_lei(v_l)"),

for all x in B.
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Let now ¢,,;=0, j=1,2,3,...,9, ¢,4,4:7#0 or, in the new notation, a4,=
Gyp1=... =0y, 1=0, a,,,#0. Then we have:

(Go+ a1+ ...+ 8y 1€ D% @4 1+ g 528+ Ty, €7D
(Gpiat Gi 1€+ Gy g 1€V 40,50 €T+ 4 g, D)
(22) (av—1+—a—v—2eix+"' +aoei(v—1)x) -
(Gym1+ 8,2+ ...+ D% (ax+q+ax+q+1eix+---+az+;.—1ei(;'_l)x)
(av—1+av—2eix+"'+ax+lei(#—1)x) (@g+a €™ +...+a,_, 0D 7,
for all x in B.

The second member of (2.2) is a trigonometric polynomial whose term of
lowest degree is @,_; @, ,8,—1d,€'*. Since the coefficient of this term is not zero and
Ay ;—18y,_170, (2.2) gives a,,;=Cp11=0. In the same way we obtain @, ;1=
Cni2=0, ..., an+l+q—1:cm+q:0 and finally gl y 310y 22+q8y—1 =0y 10440, 180,

a,a,_,7#0. Hence:

(2.3) Gy ao1Oeratg = Oum184g O CpCuigr1 = CmCmigr1s

which gives ¢,4,417%0 and completes the proof of (a).
In order to prove (b), we set first in (2.2) dy41 =iz 1= =0yyi19-1=0.
Then, if o=min (x, A—q, t—q), (2.2) takes the form:

24) (BAO)BAO) Pt Q) (Bt 0 = (B + 0D (Br+ 0B+ 0D (B +0D)
where,

B, = Py(x) = g+ ae”+...+a, 1@ D%

0, = 0i(x) = @, + ag+lei(g+1)x+...+ax_1e"(“—1)x;

B, = B(X) = gy o1+ 8yr1-08™+ ...+5,¢+1,Qe"("_1)x;

Qs = Qu(X) = ys 1- -1+ 8y - g2 O V¥ + By g€ ITDE;

P, = P(x) = Gy sigt Guisigr1€™+ oot Guiaigig-1€C 0%
05 = 03(X) = Gyi 114 0€ 0+ Gup argiora €@+ +a, e H—1D%,
P, = P(x) = d,_1+3,_€™+...+a,_,e@ %
0, = Qy(x) = C_lv_q_leigx—l—... +50ei("“1)x;
B = B (X) = Gyq+3,—_g€™+ ...+, €0 D%;
0f = Q5(X) = Gy gy €@+ ...+~ V%;
B =F(x) = ”+l1+ax+q+leix+"'+au+q+g—lei(e—1)x;
0F = Q3 (%) = Gy 140€ + s g1 g 116 F Gy @ ETTD%
0F = QF(X) = 8y 1€ +8,_ (o@D 4 48, 007D

OF = Q1 (x) = a,€¥ +a,, £tV +  ta, 0D
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Of course,

@ if g=wu, then Q,=0% =0,
(i) if ¢ =4—gq, then Q,=0% =0,
(iii) if 9 =pu—gq, then Q, = Qf =0.

For every x in B (2.4) gives:
BEEE+ARPE0,+PPO(F+0)+ A 0u(F+0:)(F+0Qy)
+O01(B+Q)(B+05)(R+0,) = AR BB+ AR EO;

+ Py Py Q5 (B +03)+ B Q7 (B + O (B +03) + OF (B + Q3 (B* + 05) (B + 00),

where all the summands, except the first in both sides, do not contain terms of
degree less than g. Since B is nondenumerable, we conclude that the coefficients of
the terms of degree less than g of the trigonometric polynomial

25) A(x) B()IPS (x) B (x)— B(x) B(x)],
are zero. We also have:
Pr )P (x) = (l1+8ym €™+ .. 48, g€ D) (@ g+ oo F Gy gy g-167970%)
= by +bfe™ .. F by 1 f @I L bR bY, ,efe-Y,

where

2.6) 1= Dy By jOyigajrsy S=1,2,3,.., 0.

j=1
Similarly, the corresponding coefficients b,_, of P,(x)Py(x) are given by:
2.7 by_1 = 2;=15x+1_ja,,“+q_j+s, s=1,2,3,..., 0.
So, (2.5) becomes:
28 (@p+...+a,_16 DG, + ... +3,_,CI)[(bF —by) + (bf — by)e™
oot (bg_1—b,_ )@V (bF,_g— by, p)ei D],

Since, aya,_;0 and aqya,_,(bf —b,)=0, we have b¥=b,. Substituting in (2.8)
and dividing by e we conclude as before that b}=p, and in the same manner we
obtain b3 =b,, ..., bJ_;=b,_,. Thus, we have:

b:—] = bs—]’ § = 19 23 39 veey @y

which (in the old notation) are the relations (2.1). This completes the proof of
lemmal. O

We pass now to the proof of the special case of partial sums lying on exactly
one circle. More precisely we prove the following theorem:
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Theorem 2. Assume that there is a nonnegative integer ngy, such that for nz=n,
the partial sums of (1.1) are situated on some circle C(t(x);r(x)) for all x in E,
where E is a nondenumerable subset of [0, 2rn). Then, there are, a positive integer
k, a real number $ and two complex numbers a, b, with ab real, such that (1.1) has
the form:

(2.9) Po(x)+ei(no+1)x(a+beik(x+s)) Z;;o ezikn(x+s)

where
Po(x) = cp+c €+ ...+, ™%,

Conversely, every series of the form (2.9) has its partial sums s,(x) for n=n,
and for all, except a finite number, x€[0, 2rn), on one circle if and only if @b is real.

Proof. We may assume that €170 and ¢, ,=..=c¢, =0, Cpyrk+170
(k=1, means ¢, ,#0). If ¢, 440=..=C, 44ss=0, € 11154170, lemma 1 gives
(2.10) s=k and Cuy1Cn4x+1 = Cugtr+1Cno+2k+1-

Hence, ¢, ,u.170. In the same manner we conclude that the only non zero coeffi-
cients of (1.1) with indices greater than n, are the ¢, .1, 5, j=0,1,2,3,.... It
will be convenient to use the notation:

aj:cn0+1+jk, j:(), 1,2,3,....
In the new notation (2.10) becomes a,a; =a,a, and similarly:

(2.11) (7] j+1 =ﬁj+1aj+2, j: O, 1, 2, 3, sees

1
For everyj(2.11) gives |a;|=|a;..,| andif weset a,=a,w, then |w|=1 ie. &=—.
o

Since 4,0, a,a,=a,a; implies a;=a;® and using induction we obtain:
(2.12) Apj = A0, Gyj44 = a0, j=0,1,2,3,...
Thus, (1.1) has the form:

Coteie*+ .. e, eM* Mt (gt g 1 gy we?™ + a; e+ ..)
(2.13) = Py(x)+ €M +D% (g 1 g, %) 3= Pin(+9)

where & is a real number such that ***

(2.9) from (2.13). From dya,=a;a, and a,=aq,e
Gya,e®%e=*=qb  ie. ab is real.
Conversely, it is obvious that it suffices to consider the series:

-3 =p we obtain

—ikS _

=@. Setting a,=a, a;¢
28 we have: ab=aya e

(a+ beikx) 2:;0 e2iknx'
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For this series we have:

a+ beikx b + aeikx

— — ik(2n +1)x
Sokn (X) - 1 __e2ikx 1 _e2ikx e ’

a+ beikx a+ beikx

— _ ik(2n+2)x
Sen+r(X) = 1— o= ook € ’

for every but a finite number x€[0,2r). Thus, for these x’s, the sy, (x)’s
are situated on the circle with centre t(x)=(a-+be™**)/(1—e***) and radius r,(x)=
|(b+ae™™)/(1—e**)|. Similarly, the Sg,.1y(x)’s lie on the circle with the same
centre and radius r,(x)=|(a+be™**)/(1—e***)|. These two concentric circles coincide
if and only if @b is real, as one can easily verify. This completes the proof of theo-
rem2. O

3. The general case

We divide the proof of theorem 1 into five steps.

Step 1. There exist, 2 nondenumerable subset E* of E and two positive integers
m, ny, with the following property:

For each x in E*, there are m complex numbers z;(x) and m positive real num-
bers r;(x), j=1,2, ..., m, such that:

() n=n, implies that s,(x)€UJ_, C(z;(x); ;(x)) and for each x in E* and
each jin (1,2, ..., m}, card {n: s,(x)€C(z;(x); r;(x))} = o~.

(i) If x€E* and j€{l,2,...,m}, then there is n=n(x,j)<n,, such that
5,(x) lies on C(z;(x); r;(x)) (this will permit us to apply lemma 1 with n=n,).

Proof. We know that for each x in E there are M(x) complex numbers and
M (x) positive real numbers, which we enumerate in an arbitrary manner as z;(x),
ri(x), j=1,2,..., M(x), such that, for all »=0,1,2, ..., the partial sums s,(x)
of (1.1) lie on the union of the circles C(z;(x); r;(x)). We fix x in E and consider
the set:

A(x) = {je{1, 2, ..., M(x)}: card {n: 5,(x)€C(z;(x); r;(x))} =<}

If m(x)=card A(x), then A(x) can be writen as: A(X)={i;, iz, ..., lnex)}- We set:
C (%) =C(z; (x); 7;, (%)), -+-s Conzy (%) =Clz, )y, (x)). As one can easily verify
there is a (minimum) positive integer k(x), such that:
(a) n=k(x) implies s,(x)€C, (X)U...UC,xy (%)
(b) For each j=1,2, ..., m(x), card {n: 5,(x)€C;(x)}=ce.
() For each j=1,2, ..., m(x), thereis n=n(x, j)<k(x): s,(x)€C;(x).

As in the proof of lemma 1 we see that there is a nondenumerable subset E*
of E and two positive integers m, n,, such that, for all xin E*, m(x)=m and k(x)=
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ny. Tt is evident from (a), (b), (c) that m, n, and E* satisfy the properties (i) and (ii).
This completes the proot of step 1. 0O

From now on we shall assume, as we may, that E itself satisfies (i) and (i)
of step 1.

Step 2. The following assertion is an essential part of the proof.

Assertion. There are, a nondenumerable subset E, of E and positive integers
v, ki, kay ..., Koy With ny=v<ky,<...<k,,, such that:
@) ¢,#0.
(i) For all x in E the partial sums s,(x), 5 (x), ..., Sy, (%) lie on one of the m circles
mentioned in step 1. We denote this circle by C{t(x); r(x)).
(iii) There are 2m real numbers 9,, ¢=1,2, ...,2m, such that for all x in E,,

54— () —1(x) = (5= ; () =T (X)), @, = €@V +5),

3.1
G- o=12,..,2m, j=0,1

qg=k

(3]
The proof, which depends heavily on lemma 1, will be given in paragraph 4.

Step 3. Let r, p, s positive integers, r=n,, and ¢ a real number. If for all

x in Ey

(@) 5,(x), 5,+,(x) lie on one of the m circles, and this circle is concentric to
C(t(x); r(x)) mentioned ir step 2;

(©®) Spupmy =T =(5,; () —7(@)) P+, j=0, 1;

©) ¢#0;

@ cr1=Cre=-..=C11=0, 4,#0,

then, for all x in E;;

© Sriprs@—T®)=(5,4,(x) — 7))+, and

) Crrpr1=Crapr2= - =Crapis—1=0, € 4;4570
Proof. (a) allows us to apply lemma 1, which gives (f) and
3.2 CrCras = CpypCrapss:
Subtracting the two relations (=0, 1) of (b) we obtain:
3.3 Cryp@ TP = ¢, e7elP+9) e, ¢, = €77,
(3.2), (3.3) and (c¢) imply:
34 Cripts = Crys€P?.
Now (e) is an immediate consequence of (b), (3.3) and (3.4). O

Step 4. In this step we prove that the series (1.1) has the desired form (1.2).
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Proof. It suffices to show that
(3.5) Cptn—y = Cu€ ", =y vi1L,v+2, ...
with x=k;, 8=9; (k;, %, as in step 2). Indeed, if (3.5) holds, then,

(3.6) Cutae=v) = Cu®® ooty Cuianmy) = CuO% oo,

where @ =€ and p=v,v+1,v+2, ..., x—1.
Thus (1.1) takes the form:

Cot e +...tc, 180" D¥ L e e, e *-DF

+cyweinx+”.+Cx_lwei(zx—v—l)x+cywzei(22—v)x+”.

= Py(x)+e"P(x) 3;_, (e,
which is (1.2).

In order to show (3.5) we recall first that x=k,>v. Ifnow ¢, ,;=...=¢,;,_, =0,
¢,4570, then, by step 2, the hypotheses of step 3 are fulfilled with r=v, p=g—v
and ¢=3,, where g=k,, ¢=1,2, ..., 2m.

Hence, for all x in E,

BN 5@ 1) = (54 ()TN, g =k, g=1,2,...,2m,
and ¢, 3=Cpyp=...=Cpu51=0, ¢,;,#0. Obviously (3.1) and (3.7) imply:
3.8

545 (0)—1(x) = (5,4 ;0 —t(D)w,, 9=k, 0=12,..,2m; j=-1,0,..,5.

(3.7) means that for all x in E, the partial sums s,.,,(x), g=v, k;, ..., k,,, lic on a
circle C, centered at t(x), which a priori may not be one of the m circles mentioned
in step 1. But evidently at least three among the above (2m+-1) partial sums lie
on one of these m circles, which implies that C, is indeed one of them. So, we can
apply the result of step 3 again, with r=v+s, p=¢—v and ¢=8,, ¢=k,,
e=1,2,...,2m. It follows that if c¢,4;;1=...=Cp154,-1=0, C,154,7#0, then,
Cprs1= 0o =Capsrr1=0, Ci154,#0, g=k,, 0=1,2,...,2m and for all x in E,

(3.9 Sq45 ) =1(X) = (4 ;) =t (X)), g =k, 0=1,2,...,2m;
j==L0,.., s+t

Thus, for all x in E;, the partial sums s, .(x), g=v, ky, ..., ks, lic on one circle
centered at 7(x), which by the same argument as before must be one of the m circles.
Continuing in the same way we see that (3.9) holds for all j=—1,0,1,2, ....

To prove (3.5), we consider (3.9) for g=k; =x, and 9; =3 (i.e. @, = *-VE+),
Subtracting now the corresponding equalities for j=p—v—1 and j=p—v, we
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obtain.

i - — i i(x—v)(x4+8
C“+x_ve(u+x v)x _ c“e""‘e'(" (x4 ),

which is equivalent to (3.5). O

Step 5. Here we complete the proof of theorem 1, by showing that there is a
positive integer m, such that, for all but a finite number of x’s in [0, 2r), the partial
sums s,(x) of (1.1), with n=v, lie on exactly m concentric circles.

Proof. So far we saw that the series (1.1) has the form (1.2) from which we
shall conclude the desired results. It is obvious that it suffices to consider a series
of the form:

(3.10) P(0) S, eknx
where Py(x)=ay+a,€*+...+a,_,&* %, for some positive integer k.
If we set:
Py (x) = Py(x),
(.11 Py(x) = @1+ €™ + ... _pe ¢V,

Py(x) = ay_y+a,_,€%+...+a,_ze*D%,

Pix)=a, + a,* +..+ a,e%=vx

then, for x>0, 2x/k,...,2(k—1)n/k and n=0,1,2,3,..., the partial sums of
(3.10) are given by the formulae:
A(x)  A(x)

(3.12) Sinir—1(X) = . T eilhniox

A(x)  A®X)

Sin+k—2(%) = T o= gitkn+k—1x
Sen(X) __A® A pitkn+1)x
n e - .
1 —e** 1 —et**

(3.12) means that for these x’s the partial sums of (3.10) lie on a finite number of
concentric circles with common centre

_ A
(3.13) ’I.'(X) - 1 _eikx
and radii:

(3.14) ri(x) = |P;)f1—e™)], j=1,2,..,k



On a theorem of Marcinkiewicz and Zygmund for Taylor series 117

It remains to show that for all but a finite number of x’s in [0, 2%), the cor-
responding number of circles is constant.

If i#j, i,j€{1,2,...,k}, then, r;(x)=r;(x) if and only if the trigonometric
polynomial P;(x)P,(x)—F;(x)P;(x) equals 0.1t follows that, either the above equa-
tion has a finite number of solutions in [0,2x), or it holds for all x. Let
r; (%), ..., r; (x), be representatives of the equivalence classes of the relation:

“ri(x) = ry(x) for all x”.

Then, to all x in [0, 2r)— {0, 2x/k, ..., 2(k—1)n/k}, except the finitely many solu-
tions of the equations ri:(x)=ri, (x), t=s, t,5€{1,2,...,m}, correspond exactly m
circles. This completes the proof of theorem 1. O

4. Proof of the assertion of § 3

In step 1 of paragraph 3, we saw that there exist a nondenumerable subset E
of [0,27) and two positive integers m, n,, such that for each x€E there are m
circles with the property: On each of them lie infinitely many partial sums s,(x)
of the series (1.1), with n=n,, and at least one with n=n(x)<n,. So, we can apply
lemma 1 with n=n,.

We remark that the above m circles are not supposed to be concentric (this is
true, but the proof given in paragraph 3 used the assertion we are going to prove).
We also recall that for each x€E the partial sums s,(x) are “essentially” distinct
complex numbers. More precisely:

8, (%) = 8,4 (x) if and only if ¢,41 = Cpyg =...= Cppz = 0.

For each x in E we enumerate, in an arbitrary manner, the m circles correspond-
ing to it: C,(x), Cy(x), ..., Cp(x).

We may obviously assume that ¢, #0. The existence of zero coefficients in
the series (1.1) causes some technical difficulties. To avoid them we shall work
with partial sums s,(x) with ¢,=0. So, we let n, be the smallest integer greater
than n, such that ¢, #0, ny the smallest integer greater than »n, such that c,,‘;éO
and so on.

It will simplify the exposition of the proof if we introduce a function F defined
on the set E, as follows:

F(x) = (IO’ t19 cvey tN)y

where ¢;, j=0,1, ..., N, is the smallest integer in {l, 2, ..., m}, such that snj(x)
belongs to the circle Ctj(x), and N=4(2m+12m*™+1, The reason behind this
choice of N will be clarified in a moment,
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Since F takes at most m¥** values and E is nondenumerable, there is a non-
denumerable subset E, of E such that:
For all x in E,, F has a constant value, say

F(x) = (055 V15 205 Vp-1)s
Whel'e Uq=(tq(2m+1), tq(2m+1)+1, cery tq(zm+1)+2m), q=0, 1, -..,p’_l and
p = 4Cm+1)m*m+L,

We observe now that the set of possible v,’s is independent of ¢ and has m*"+*
elements. This implies that at least p/m*™*'=4(2m+1) v,’s are identical. This means
that there is an increasing sequence of non negative integers gy, gy ---> a@m+1y-1-
such that:

Vg, = (6, s s o)y 2=0,1, ..., 42m+1)—1,
where
4.1 0= taminsys J=0,1,...,2m.

(4.2). Since #; takes m values, 1,2,...,m, and j 2m+1 values, 0, 1, ..., 2m, there
are i, jin {0, 1, ...,2m)}, with s=j—i=2, such that £f=17].

We pause for a moment to say a few words about the significance of our results
for the partial sums of (1.1). If we write

g,Cm+ D) +i=v,, p=01,..,42Cm+1)-1,

then the partial sums of (1.1) with indices 7, v,=k =v,+s, follow a succession of cir-
cles, which is independent of u. More precisely, using also (4.1) and (4.2), for all x in
Eyand A in {0, 1, ..., s}, the partial sums with indices ny i u=0,1,...,42m+1)—1,
lie on the circle C,VO+ , (x) and for each x in E, if A=0 or s these circles coincide

(see remark 5 for the geometric interpretation).
To conclude the proof we shall choose (2m+1) numbers, among the 4(2m--1)
ny 41 s with 0=u<4(Q2m+1), say v, k;, kz, ..., ko, SO that (iii) of the assertion
holds. We note that the way we defined n, 41 guarantees automatically the validity
of (i) and (i) of the assertion.
The crucial step to achieve this choice is the following lemma:

Lemma 2. If
@) c,JcpﬁfO, j=0,1,...,5s+1,
(i) e, +1:...:c,ﬁ_,j_O l_rj+1-—rj—1,
T , L=pjsa—p;—1, j=0,1, ...,
(iii) for all x in Ey, s, (x), (x) Jj= 0 1, ..., 5, lie on one of the m circles,

(iv) for all x in E,, s, (x), s (x) 55, (%), sps (x), lie on the same circle whose centre
we denote by 'c(x)
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where ry<rPy<...<Fg, Po<p1<...<pg, SZ2, and ny=r.=p,, then,
v L=, j=0,1,..,s,
1/2

*

Cr Cry

(i) if Cp=Cr, @, then |0| can take only the values 1, —
Tov'rs

(vii) if |lo|=1 and we write w=e"Po—"03,
s,,o(x)—r(x)=(sro(x)-—-—;(x))ei¢’ 3, ¢ real numbers, then, either
@ =(py—ro)(x+9)(mod 2m), or

o ={(Po—ro) (x+9)—2 Arg [(s, (x) =T (%))(s,,(*) —5,,(¥)) ]} (mod 2r).
Proof. To simplify the notation we write:
G, =a;, ¢, =Db;, j=0,1,..,5+1; a=a(x)=s,(x)—s5,(x),
b = b(x) = 5,,(X)—=5,,(x), A =A(x) =5,,(x)—-1(x), B=B(x)=s5,(x)—1(x),
y = (Po—ro)(x+9) and & = Arg [(s,o(x)—r(x))(m)] = Arg (A4a).
The hypotheses (i), (ii), (iii) and lemma 1 give (v) and
4.3 bibj.y =d;a;4,, j=0,1,..,s.
Since, in the new notation, by=a,w, (4.3), with j=0, implies: b, =-a_—1. Sub-
stituting b, in (4.3), with j=1, we obtain: b,=a,w. Continuing in the :;me way
we have:
4.9) by = @y, by =—AtL, max(2), 2i+1) = s+1.
Case 1. “ly=1". Let Iy<l, (in the opposite case the proof is essentially the
same). Applying (2.1) of lemma 1 we obtain:
Cry* €+ 004+ ... +00+¢,-0 =2, -, +00+ ... +00+G,,-0, or, dya, = byb,

1, terms 1y terms
which, by (4.4), gives @ya,=a,a,0@, i.e. |w|=1.
Case 2. “Iy=1,". Applying again (2.1) of lemma 1 we obtain as before:
Gyay+a,ay = byby+b, b,.

Hence,
Gy @y +01 a3 = Gy Ay 0|+ (3, a5)/|w|?,
or
— 4,05
(1-lol® [aoaz—k;—lz] =0,

from which (vi) follows immediately.
If now |w|=1, ie. ®=1/w, then (4.4) implies b;=a;w, or

“4.5) Cpy =60, j=0,1,...,5+1
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(4.5) with (v) and w=€@ 0% give
b = a,werr ... 4 a,weiPs* = aweiPe—r* = ge'r,

From (iv) we have |A+a|=|B+b|, which together with the obvious relations
| 4| =|B|, |a]=|b|, implies Re (4@)=Re (Bb), or, Re (¢’)=Re (¢®+@~"), Hence,
@=y(mod 2x), or ¢=(y—26)(mod 2x), which are the desired relations of (vii). [

We return to the proof of the assertion.

Let
I1={0,1,2,...,42m+1)—1},

J={0,1,2,...,s}

We saw that if A€J, then for all x in E, and for all u in 7 the partial sums of (1.1),
with indices 1y, 41> lie on one of the m circles and the circles corresponding to =0
and A=s coincide. We denote the centre of this circle by 7(x). We havealsoc, vt #0.

Thus, lemma 2 applies and gives a partition of I in two sets Iy, I,, deﬁned as fol-

lows:If ¢, =c, ©,, then, I, ={ucI: |w,|=1}, and I,=I-1I,. By (vi) of lemma 2,
” (] c c 1/2

ot ™3| Since card / =4(2m+1), one of these two

Lo {uel: |o,|=0}, Q=

Wl =

c"v Cn, +2
sets has cardinality at least 02(20m-1—1). Let py<py<...<Usemi1y—1 be the first
2(2m+1) elements of this set and denote by /™ the set {uo, ft1, .- Hoam41y—1)- LS
trivial, if I*cI,, and very easy, if I*C1I,, to see that

4.6) lo}] = legfegl =1, B; = Ty s j=0,1,..,22m+1)-1.
Hence: (a) There are 2(2m+1) real numbers 3;, such that
4.7 wi = el;=F%, j=0,1,..,22m+1)-1.
(b) If we write
(4.8) 55,(X)—7(x) = (sp,(x)—T(X))e®s, j=0,1,..,22m+1)~1,

@; real numbers, then, (vii) of lemma 2 gives that for fixed x in E,, the set I* is
partitioned in two sets I;F(x), I (x), as follows:

IF(x) = {g;€I*: @; = (B;—Po)(x+39;)(mod 2n)},
I}(x) = I* —I¥(%).

Obviously, one of these two sets has cardinality at least 2m+1. Let i<
ij<<...<l,, be the first 2m+1 elements of this set (which depends on x) and
k,(x)=n, .., 0=0,1,...,2m. Since the number of possibilities for

te

(ko(x), kl(x)a tees kZm(x))
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is finite and E, is nondenumerable, there are, a nondenumerable subset E; of E,
and 2m+1 positive integers ky<ky<...<k,,, such that, for all x in EJ,

ko(x) = ko, k(%) = kyy ..y kom(x) = ko -

Since, for each x in EJ, k&I (x) or k€I (x), for all ¢=0,1,...,2m, and EJ
is nondenumerable, it follows that one of the sets:

EY = {x€E§: k,£If(x), 0=0,1,2,...,2m},
Ef* = E(i)(_E;k = {XEE(TZ keelz*(x)’ ¢e=0,1,.., 2]1’1}
is nondenumerable. We call this set E, and we have:

Case 1. Let E,=E;. We observe that, for all x in E,, p€1*(x). Thus, since
ko€ If (x), sko_l(x)zsﬂo(x). Using the same notation as in the definition of If(x)
and the above observation, we have:

4.9) Sp—1(X)—7(x) = (Sko—l(x)_T(x))ei{p“s @, = (ky—ko)(x+98;),

e=1,2,...,2m, where 9 is defined as follows: “For each ¢ the definition of &,
implies the existence of an index j, j=j(e), with i,=pu;; we put 9,=39;, where 3,
is given by (4.6), (4.7)".

The definition of 9, and (4.5) imply

(4.10) Chp = Ci@%e V%, 9 =1,2,...,2m.
Case 2. Let E,=E}*, then we have:

(41D 5,1 () —7(x) = (55, —T(X))e®e, @ = (ky—Po—D(x+95)—25,

e=1,2, ..., 2m, S; is defined as before and § is a real number (independent of ¢;
see (vii) of lemma 2).
(4.11) implies

(Ske —1(x)—1 (x))/ (Sko— 1(x)—1 (x)) = =" s

k-1 ()= T(3) = (5101 (D)~ () €0,

or,
where
0o = 0= @4 = (ky—ko)x +k, 9, — ko —(Bo+1)(9,—95) = (k,—ko) (x+9),
e=12..,2m and 9 =[k,9,—ke3—(Bo+1)(35—35)(k,—ko) ™.
Also, (4.5), (4.6), (4.7) imply

. . cka = cﬂo"'lei(ke—ﬁ")s;’ Qo= 0, 1, ceey 2m,
which gives

3 ’ 4 ’ ! N ”
ckq/cko — el[kgse——ko&o—(ﬁ0+1)(82—.‘)0)] — e'(ke-k‘))se, o= 1, 2’ vy 2m.
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Thus, we have again (4.9), (4.10), with 9, instead of 3, . It follows that in either
case, if we write 3, for §,, 37, we have:

(4.12) 5,1 (X)—7(x) = (5g,- 1 (X) —T(x)) ik IE+3, 9 =1,2, ..., 2m.
(4.12) and (4.10) give
S, (X) = 1(X) = 53, -1(X) —T(xX) + € &>
= (S -1 (%) — T(x))eitke~kI=+80) 4 ¢ @ilke—ka3, gikor
= (5, (X) — T(x)) ilke—kXx+3),
This relation combined with (4.12) gives that for all x in E;,
54— () —=1(x) = (5,~ ;) —1(x)) @, W, = UV +3,

where g=k,, ¢=1,2,...,2m, v=ky, j=0, 1, ie. (3.1). This completes (iii) of the
assertion and the proof is finished. O

5. Remarks

1. The theorem of Marcinkiewicz and Zygmund, given in § 1, suggests that it
would be natural to assume in theorem 1 that the circles are concentric. This hypoth-
esis would have made the proof somewhat simpler, but as we have already seen it
is not needed.

2. From (1.2) we see that if |zl<1, then the function
F(2)= 2, _ 2"

is a rational function of a special form. More precisely we have:

2(2)

F(z) =T

where Q(z) is a polynomial of degree less than x and {=¢". Thus, (1.1) becomes:
Q(eix) 2’:"_0 ei}.(x—v)(x-{»-&).
Conversely, it is easy to see that every rational function of the form:
F(z) = P(2) Z;_, 2,

where P(z) is a polynomial, not necessarily of degree less than u, can be written, for
z=€", in the form (1.2).
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It is also easy to see (using arguments analogous to those in step 5 of § 3) that
if we multiply in the obvious way P(e’™) with > €'***, then the resulting series is
(C, 1) summable to F(e*), which in turn coincides with the common centre 1(x)
of the circles referred to in theorem 1.

The general case of a rational function F presents interesting problems, which
will not be considered here. We note only that, as expected from theorem 1, it is
easy to find examples of rational functions whose partial sums do not lie on a finite
number of circles (see [3] V.II, p. 180, example (iii)).

3. There are interesting problems concerning degeneracy related to the number
of circles in theorem 1. More precisely, considering the simpler form (3.10), under
what conditions on P,(x) this series leads to 1,2, ...,k circles, ie., taking into
account (3.14), under what conditions some relations of the form [B(x)|=[F;(x)l,
i#j, i,j=1,2, ..., k, hold. We shall not examine here the general case, but we give
some partial results in this direction:

@) If |B(x)| =P (X)|=|Pyo(x), for some j=1,2,...,k (if j=k—1, then
Pis(x)=PR(x) and if j=k, then P, (x)=PRA(x) and P o(x)=Py(x)), then all
the circles coincide (a,=0, see (3.11)).

(ii) Theorem 2 gives the necessary and sufficient conditions in order that the
number of circles reduces to 1. We can also give the corresponding theorem in order
to have exactly two circles.

“If the series (1.1) has one of the following forms (with the usual notation):

((x) (a + beik(x+\9)) 2’:’:0 ein(k+"l)(x+3),
(B) (a+ be**+9) 1 ceilk+mix 430y 51=  gin(k+mia)x+3)
n=0
ik(x+8) 2ik(x 4+ 3) ik(m 4+ 2)(x+9) o 2ikn(m +1)(x +8)
(7) (a+be +ce + de DA ,
(8) (a+ be*x+9) f ceiktm+1)(x+8) 4 Joik(m+2)(x+9)

+fe2ik(m+1)(x+3)) 2':':0 eikn(3m+2)(x+.9))

then, the partial sums of (1.1) lie on exactly two circles, if and only if:
m#=k or ab is not real, in case («),

(g=m and dc=bc) or (g=k and dc=ab) if k=m,

(g=k and ab=bc=ca or bc=caxab or ac=abzbc) or (g#0,k and
ab=bc) if k=m, or (g=0 and (a+c)b is not real), in case (B),

(@b=bc and bd=bd) if m=1,

(@b=Dbc>¢d and bd=bd) if m=1, in case (y),

(b=0a@?, c=aw, d=a®, f=aw?, where w0, 1 satisfies the equation w*+@=
206%) if m=1,
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(b=aw*2, c=aw, d=aw*/4, f=aw?, where w satisfies the equation «*=16)
if m=1, in case (3).

Conversely, if the partial sums of (1.1) lie on exactly two circles, then (1.1) has
(possibly with trivial modifications) one of the above forms”.

4. It is easy to see that when the series (1.1) has the form (1.2), or when it is
the sum of two or more series of the this form, or it differs from such a series by a
convergent series, then its partial sums have uniform “angular distribution”. By this
we mean that given an angle with vertex 7(x) and opening «, 0<w&<2xn, then for
all but a denumerable number of x’s,

1 1
}lggcﬁq)(N, x) = 5%
where ¢(N, x) is the number of partial sums s,(x) with n=N, which lie on this
angle. This is obviously equivalent to the uniform distribution of the sequence

{arg [s,(x) —t()]}-

J. Tt will be helpful to interpret geometrically the proof of the “assertion”
given in paragraph 4. We take for definiteness m=6 and represent each of the 6
circles by a straight line (Figure 2).

The main idea of the proof consisted in finding a nondenumerable subset E,
of E, such that for ali x in E, the polygonal line with vertices 8,, (%), 8, (%), -
follows the same succession of circles and contains “sufficiently many loops”. By
loop we mean o connected part of this polygonal line whose endpoints lie in the
same “straight line”. This succession corresponds to the constant value

(Vs D1s s Dp_1)s P = 4- 1361 = 679 156088 832,

of the function F on E,.

In figure 2 v, is vy, v, is vs, ..., where T, M= =0,1,...,4-13—1, are as in
§ 4 and the boldface parts of the graph represent the 52= 4(2m+1) “loops” found
in (4.2).

In the rest of the proof we chose first 2(2m+1)=26 loops whose correspond-
ing sides have the same length and finally, reducing E, to E,, we chose 2m+1=13
loops which are completely identical, i.e. one follows from the other by rotation
about 7(x). In figure 2 these are the shadowed loops. The numbers v, ky, ks, ..., €op,
of §4, are the indices of the partial sums corresponding to the endpoints of the
first sides of the above loops {we could as well have chosen any other vertex of
these loops).

We finally remark that, by geometric arguments, we could simplify the proof
a little by avoiding the reduction from E, to E;.
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Added to the proof. After this paper had been written some questions and remarks
of J.-P. Kahane and V. Nestoridis clarified further the role of the cardinality of the
set E in theorem 1. More precisely, it can be shown that in theorem 1 the hypoth-
esis “E nondenumerable” can be replaced by “E infinite”, if we assume that the
number of circles has an upper bound independent of x (it is easy to see that the
hypothesis “E finite” is not sufficient). The example (communicated to the aunthor
by V. Nestoridis) >~ ¢"¢®™, x in [0, 2n), for a convenient choice of the real
number ¢, shows that “E nondenumerable” is essential in theorem 1.
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