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0. Introduction

The main result of the present paper is

Theorem A. Let (S, B, m) be aprobability space. Let ( f,,, g,)re., be a biorthogonal
system of measurable functions on S such that

1° sup, [ g,].. <<

2° the functions f, are equiintegrable.
Then

sup [ [ 1271 /() &®)] m(ds) m(dr) =~
As corollaries from Theorem A we obtain

Corollary B. No normalized basis of L'(0, 1) consists of equiintegrable func-
tions, equivalently, every normalized basis of L*(0, 1) contains a subsequence, which
is equivalent to the umit vector basis of I'.

Corollary C. If (g,) is a normalized basis of C(0, 1), then, for some increasing
sequence (m,) of positive integers, the map Z’cngn—»(cnk);;l takes C(0,1) onto c,.

Corollaries B and C answer the questions stated in [11], Ch. IL, p. 296, Problem
7.1 (see also [9], p. 36, problem (v)).

Remark 0. Particular cases of the Corollaries are the known results on non-
existence of

1° a uniformly bounded orthonormal system, which is a basis of L' or C

(Olevskii, [9], Ch. I, § 2, Theorems 2 and 9)

2° a normalized basis of L, which is bounded in order ([4], Th. I)

3° a Besselian basis of C or a Hilbertian basis of L ([12], Th. A and Th. B);

even p-Besselian basis of C for any p << and g-Hilbertian basis of L! for any

q=1.
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The paper consists of four sections.

In section 1 we prove our main results. We start with the proof of Proposition
L.A, which is a stronger, ‘local’ version of Theorem A. The main idea of the proof,
especially the inductive construction at the end of it, is due to Olevskii (cf. the proof
of Theorem 1, Ch. I, § 1, [9]). We derive also Corollaries B and C from Theorem A.
Finally we sketch briefly, how the facts stated in Remark O follow from the Cor-
ollaries.

In the next two sections we give some generalizations and strengthenings of
the main results. Corollaries 2.B and 2.C of Section 2 generalize Corollaries B
and C to the case of £'- and #*-spaces respectively. Section 3 contains Theorem
3.C, which is a ‘pointwise’ analogue of Corollary C. It generalizes Olevskii’s result:

Given uniformly bounded orthonormal system on [0, 1] there exists a con-
tinuous function on [0, 11, whose Fourier series with respect to this system di-
verges at some point

(see Theorem 3, [9], Ch. I, § 2).

Finally, Section 4 contains a number of remarks and open problems.

Terminology and notation for classical Banach spaces used in this paper is
standard (see e.g. [7]). All facts, which admit real and complex versions, hold in
both cases together with their proofs.

The author would like to thank Professor A. Pelczynski for suggesting the
problem; him and also Professor L. Tzafriri for helpful discussions. In particular
Lemmas 2.1 and 2.2 together with their proofs were communicated to the author
by Professor A. Pelczyfiski.

1. Proof of the main results

We start with some definitions. Let (S, %, m) be a measure space. Let Z be
a set of measurable functions on S. We define the modulus of integrability of the
set Z as the smallest concave function 5(Z, -): (0, «)~(0, =) such that

[, [f1dm=n(Z, m(4))

for all fe€Z and for all AcA. If Z={f}, we write n(f, -) instead of n({f}, +).
By definition, a set Z is equiintegrable iff #(Z, 0+)=0.
Now we are ready to state

Proposition 1.A. Let u: Rt—>R* be a function satisfying
0° n(0+)=0,n is increasing and continuous.
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Then there exists a sequence of positive numbers cytoe, depending only on n,
such that if (S, %, m) is a probability space and (f;, g)\_, — a biorthogonal system
of measurable functions on S (i.e. [ fig; dm=9,;) satisfying

1° Iglle=1 for i=1,2,...,N
2° y(f;, )=n for i=1,2,...,N

then

gax [ [ 1 f0)a®]m@d) mdn = ey.

Clearly Theorem A follows from Proposition 1.A.

Proof of Prop. 1.4. In the sequel we shall denote by (7, >, v) the measure
space (SX S, BRQB, m@m); il fi(9)g () by F,,(s,t) and F,, by F,. In
this notation the conclusion of Prop. 1.A may be expressed as

) max [ B dvz cy.

1=n=N

We start with several lemmas.

Lemma 1.1. Under assumptions 0°—2° of Prop. 1.A there exists y=0, de-
pending only on n, such that

@ lgi—gilli =7

3 ll g:llx =y
for all i, j, 1=i#j=N.

Proof. Choose y=0 so small that n(2yn(1))=4-1* (it is possible by 0°). Fix
i, j and denote I'={|f;|=(2y)~*}. Then we have

¢) [ \fldm = n(fi, m@D) = n(m@) (by 2%
©) S fldm = @) m(@).
Combining (4) and (5) and applying the fact that 5 is increasing we obtain

(6) m(I) = 2yp(m(D)) = 2ym(1).

Now, using successively (4), (6), the fact that # is increasing and the choice of 7y,
we get

@ ./r |fil dm = y(m(D)) = n(2m(1)) = 471
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Finally
I= fs(gi—gj)fidM§fs ]gi—gj|'|fildm:frlgi_gjf' |fi| dm

+fo gl fldm =2 [ ifildm+Cn7 [ lgi—g,l dm

1
=, by (7), 3+(2v)‘1|lgi—g,-lll,

whence (2) follows. Proof of (3) is similar: we replace everywhere g;—g; by g;.

Lemma 1.2. Let 6¢€(0,1). Let T: L*~L2% be a Hilbert—Schmidt operator
(i.e. hs(T)=(trT*T)"®< ). Denote by B the unit ball of L?. Then T(B) admits
a é-net of cardinality not exceeding c(8y* ", where ¢(8)=4°"".

Proof of Lemma 1.2 is standard and we omit it.
The following lemma is crucial.

Lemma 1.3. Under assumptions 0°—2° of Proposition 1.4 there exist a, =0
(depending only on 1) such that, for any integers k, n with 0=k <k+n=N,

fH [Fy ul dv = a,
1
where H=H(k,n) is defined by H={|F, ,|>p (Inn)?}.

Proof. We prove Lemma 1.3 with a=y/4 and f=(2In c(y/4))'%, where
y and ¢(-) are the same as in Lemma 1.1 and Lemma 1.2 respectively. Since the
case n=1 follows immediately from (3) and the fact that | f,.4/;=1, we can
assume n=2. Fix k,n and denote F*=F_ xy, F~=F, ,%cy. Then the con-
clusion of Lemma 1.3 may be expressed as

®) S ldv=y/4.

Denote operators g— f s Ft(s, -)g(s)m(ds) and g— f s F7 (s, +)g(s)m(ds) by
P+ and P~ respectively (we do not specify function spaces, which are domain and
range of P* and P~ as far). Clearly

® (Pt+P)g =g, for i=k+1,.., k+n

1
Since [F~|=p (Inn)%, the Hilbert—Schmidt norm of P~ (considered as an
1
operator on L2*(m)) does not exceed f(Inm)2 (more precisely, hs(P7)=
1
(f7 |F~|2dv)2). Hence, by Lemma 1.2, P~(B) (B is the unit ball in L*(m)) admits

1
a y/4-net of cardinality at most c¢(y/4)f*""=pn2 <n (remember that n=2). Com-
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bining this with the estimate | gll.=llgll.=1 we get that there exist two distinct
integers i,j€{k+1, ..., k-+n} such that, when we denote g=g;,—g;, then

[P-gly =P gla= 1P~ g—P gjl. = v/2.

Now (2), (9) and the preceding inequality show that
(10) 1P*gly = gl — P gl = v/2.
In other words

f . | f FGs, 1) g(s)m(ds)] m(df) = /2.
Hence
2= [ |f, Frs ng@m@s)|m@n = [ ([ 1FG 0imds)-gl) m(dn)
=2f L EF .

whence (8) and therefore Lemma 1.3 follow.

Lemma 1.4. Let L=0. Then, under assumptions 0°—2° of Proposition 1.4,
we have, for any integers k,n with 0=k<k+n=N,

J, 1Fial dv = nn(nn (L),

where V=V (k,n, L) is defined by V={|F,,|>L}.

Proof. Denote V,={s: (s, t)€V} for t€ S. Then we have, by 1° and 2°, for
each 1€ S,

Sy VFenls, Dlm(ds) = S22 [ 1) m(ds) = S5 n(fi, m(7)) = mn(m (7).

Hence, for all € S,
m(V) = m(m(Z)) L= = nq(1) L,

because 7 is increasing. By the same reason, combining two preceding inequalities,
we get for all 1€ S

-/'Vt |Fy,n(s, )| m(ds) = nn(np(1)L™7).

Integrating the above inequality with respect to m over €S we obtain the
desired estimate.

Now we return to the proof of Proposition 1.A. We deduce (1) from Lemmas
1.3 and 1.4, using the assumption 0° of the proposition only. In other words, if #
satisfies 0°, then there exists cytee such that if, for some N and for some sequence
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of measurable function (F,))_,, F,=0, on some measure space (T, >, v), a corre-

sponding family of functions F, , defined by
Fk,n:Fk'l—n—‘Fk fOI‘ Oékék-l-néN

satisfies the conclusions of Lemmas 1.3 and 1.4, then (1) holds.

We define by induction two sequences of nonnegative real numbers (4;), (B,)
and a sequence of positive integers (d;) (all for j=1,2,...). These sequences will
depend on the function # only.

Put d;=1. Suppose that for some r we have defined 4; and B; for j=r—1
and d; for j=r. Then we put

1
4, = B(nd)?
B, =min{L > 0: d,-n(d,n() L) = 2~3a},
where o and f are the same as in Lemma 1.3. Since # is continuous and #({0+)=0
(by 0°), the set in the definition of B, is nonempty, closed and therefore this defini-
tion is correct. Since d,=1, the definition of 4, is also correct.

Now put
d,+1 = [exp ((187B,/B?)]+1.

Clearly all three sequences increase to infinity and

(11) A;,, = 18jB; and B;>A4; for j=1,2,....
Given N we set
(12) g=qy=max{r: 3% d;= N}

Observe that we have, by Lemmas 1.3 and 1.4,
13)

f{{Fk,dj]>Aj} 'Fk,djl dV = 0

a4

for j=1,2,...,29 and k=N—d,.
We shall prove Proposition 1.A with (cy) defined by

- 7—3
f{le,de>B,-} |Fe,q;l dv =230

(15) cy=2"3%qgy for N=1,2,...
Clearly cytoe.

We define by induction a sequence of integers N;: Ny=0, N;;;=N; or Nji;=
Nj+doy-; (for j=0,1,2,...,q) and a sequence of measurable functions G; on T,
G,=0, such that if we set

1 ]
EJ={|G]f>7A2q—]+1} for J= 0, 1, 2, eeey q,
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then
(16); fEi ]Gjldv~fT|Gj—FNjfdv = 2-3yj
17, S, 16— Fy Jdv=27;j

for j=0,1,2,...,¢q
Suppose we have done this. Then (16), and (15) imply
/ |Fy,|dv=2"3%0g = cy.
Since, by (12), N,=27% ., d;=N, this proves Proposition 1.A.
The inductive construction

(16), and (17), hold trivially.
Suppose that for some j<g we have defined N; and G; to satisfy (16); and
(17); for all i=j. Set

1 1
Uj = {_2_A2q —-J ‘G I = A2q j+1}

and consider separately two cases.
Case 1.
fE-UU. IGJI dV—fTIGJ—FNJI dv = 2*3a(j+1)
J J

We define N;.,=N;, G;4;=G;. Then E; =E;uU;; (16);;; and (17);4,
are clearly satisfied.

Case 2. We have the converse inequality. Combining it with (16); we obtain
(18) ij |G;ldv < 273a;
combining with (17); —
ij |Gjldv<27%a(j+1)+4 27%0; < %oc(j—l— 1).
Since, by definition, |G;|>% Ay,—;1+, on E;, the preceding estimate implies

3oc(]—l—l)
19 WE)= | dv=—— G
( ) ( J) ij f l 4A2q J+1
We define N; ,=N;+dy,-; and Gj+1=GjXCUj+FNj,dzq_jXCVjﬂ where V;=
{|FNj,dzq_j!>BZq—j}°
Observe now that if x€E; (and hence x¢ U;), then
Gi1(X)| = |G () + Fy,, 45, , () xcv, ()] = |G (x)| — By,

1 1
= 5 Asg-jrr—Bay-j > 5 Aoy

A2q -Jj+1
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(the latest inequality follows from (11)). This shows that

(20) Ej D E;.
Similarly

1) ij G4l dv szj(lGj[——qu_j)dv=fE_[Gj|dv—ng_jv(Ej).
Set W;={Ay_;<|Fy, 4, _|=By,_;}. Then W,cCV,.

Let x¢ W\ E;. Then, similarly as in the proof of (20),

1G+1()| = |G () xcv, )+ Fr o aq— ;D Xev, ()] = [Fy, gy, -, ()

1 1 1
—_2—A2q—'j = 3 lFNj,dgq_j(x)l = —2—A2q—j'

Hence x€E;,,. Combining this with (20) we obtain
22) E;,, D E;UW;.
Similarly we get, using (13) and (14),

i 1
(23) ij\Ej |Gjiqldv = —2'ij\Ej | Fxj, g ;| Y > 3fW,» |EN;. o, AV

1 7 1

Now, using (22), (21), (23) and (19) consecutively, we obtain

7
/EM |G, 11| dv :ij G, 14l dv+ij\Ej IG;4q) dv :ij Gl dv+— o
3 7 9 By ;(j+1)
—~ZVv(E)B, _.= ) — - 2
3 VED By = [ Gyl dvtqpa—ga =t
Since j=g—1 we have, by (11),

By G4 _ g+l _ 1
Aogjer — 18Qq—)) ~ 18

which combined with the previous estimate gives

3
) fEm |G 41l dv szj Gyl dv+ e
On the other hand

S G a—Fy,, Jdv = S, 16— Fy,ldv+ ij IGj[dv+fVJ [Py, dag.-,| 4V

o
= ‘/.T{Gj—FledV”*"Z',
by (18) and (14).
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Now to get (16);., or (17);4, it suffices to combine the above inequality with
(24) and (16); or (17); respectively. Thus the induction is completed.

This ends the proof of Proposition 1.A and completes the proof of Theorem A.

Now we derive Corollaries B and C from Theorem A.

Let us recall two basic facts on equiintegrable sets. The first of them is well-
known, the second one is due to Kadec and Pelczyniski (cf. [3], Theorem 6). Let
(S, #, m) be a measure space.

1) If m is finite, then a set Z of m-measurable functions is equiintegrable iff
Zc IMm) and Z is relatively weakly compact in L(m).

2) A bounded set ZcC L'(m) is relatively weakly compact iff no sequence of
elements of Z is equivalent to the unit vector basis of I'.

Recall that two sequences (x,) and (y,) of elements of Banach spaces X and
Y respectively are said to be equivalent if, for some c€(0, <),

M Z tyxllx = 12 tyally = ¢l 2 taxalix

for every sequence of scalars (¢,) with finite number of nonzero elements.
The above facts explain, in particular, equivalence of the two statements con-
tained in Corollary B.

Proof of Corollary B. Let us assume the converse. Let (f,);7; be a normalized
basis of L'(0, 1) such that the functions f, are equiintegrable. Denote by (g,),
£,£L7(0, 1), a corresponding sequence of basis functionals. Since ( £,) is a normalized

basis, sup, |g,l..<o. Thus (f,, g,)i, satisfy the assumptions of Theorem A
and hence

(25) sup [ | 31, £i9) gu(0)] ds di ==,

On the other hand, since (f,) is a basis, the norms of the partial sums operators
P, I'>IY P>, ¢;f)=2r ¢ f;, are uniformly bounded (say, by K<woo).
It is a wellknown fact that each P, may be written as

1
BN = [ (S [ @) (@) dt
and hence, for any positive integer n,
1 n . 1 51 n o
K= P, = supess [| J1_, i@ e0ds = [ [ | 211 /i@ ei()] dsdi
which contradicts (25). This proves Corollary B.

Proof of Corollary C. Denote by (f,) the sequence of basis functionals corre-
sponding to the basis (g,). Then there exists some regular Borel probability measure
m such that all f, belong to L'(m)cC (0, 1)*. The same argument as in the proof
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of Corollary B shows that the functions f, are not equiintegrable and consequently,
by the Kadec—Pelczynski result, some subsequence ( f,,k),‘;‘;:l of (f,) is equivalent
to the unit vector basis of /1.

Let us consider two operators:

T: C—c, defined by T(3 t,8,) = (t,)i=1 and
S: '~ C* defined by S[(t)] = 3 t,f,..

Clearly S=T* and S is a isomorphic embedding. Hence T is onto. This
proves Corollary C.

Now we show, how the facts stated in Remark O follow from Corollaries B
and C.

3° Recall that a sequence (x,) of elements of a Banach space is said to be
g-Hilbertian (resp. p-Besselian) iff there exists a constant ¢ such that, for any se-
quence of scalars (2,),

1 2 taxyl|? = ¢ 3 2,191 x, [
(resp. P X tx NP = Z P Ix0P).

Let (f,) (resp. (g,)) be a g-Hilbertian sequence in L' for some g>1 (resp.
a p-Besselian sequence in C for some p<os), which is a basis of 1! (resp. C). We
can assume that (f,) (resp. (g,)) is normalized.

By Corollary B, some subsequence ( fnk) of (f,) is equivalent to the unit vector
basis of I'; in other words, there exists a constant ¢’ such that

12 tifudi = ¢ 2 It
for all (;)€I*. On the other hand, since (f,) is g-Hilbertian, we have

12 tfuds = (3 11]9)Hs,

which contradicts the previous estimate.
Similarly, by Corollary C, there exists a function g=2>'t,g,£C such that
(t)Eco\JP. On the other hand, since (g,) is p-Besselian, we have

2Ll = | 21,87 = c?|lgll? <,

a contradiction.

2° Every subset of L, which is bounded in order, is equiintegrable and hence,
by facts 1) and 2), no sequence of its elements is equivalent to the unit vector basis
of I*. Now we obtain the desired conclusion from Corollary B.

1° It is easy to see that any uniformly bounded orthonormal system is 2-Bes-
selian in C and 2-Hilbertian in L. Therefore, by 3°, it is no a basis of any of
these spaces.
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2. The #P-spaces

In this section we generalize Corollaries B and C to the cases of Z*-spaces
and Z#*~-spaces respectively (for definitions and basic properties see [5] and [6]).
More precisely, we prove

Corollary 2.B. Let X be a L-space. Let (f,),.., be a normalized basis of X.
Then some subsequence of (f,) is equivalent to the unit vector basis of I'.

Corollary 2.C. Let Y be a L "-space. Let (g, )., be a normalized basis of Y.
Then, for some increasing sequence of positive integers (n )., the map 2 c,g8,~
(cnk),‘f=1 takes Y onto c,.

Proof of Corollary 2.B. Let Z be a Banach space, Z, its subspace. We shall
say that Z, is locally complemented in Z iff, for some constant ¢, every finite di-
mensional subspace E of Z, is contained in another finite dimensional subspace
F of Z, such that there exists a projection P, from Z onto F with |Pg[=c. We
have the following

Lemma 2.1. Let X be a F*-space. Then X is isomorphic to a locally complemented
subspace of some L'(m)-space.

Proof. By [6], Theorem III (c), X is locally complemented in itself. Since each
P}* (see the definition above) is then a projection from X** onto F with | P}¥|=
|Ppll=¢, X is locally complemented in X**. By [6], Theorem III(a), X** is a %'
space. Hence, by [5], Corollary 1 to Theorem 7.1, X™** is isomorphic to a comple-
mented subspace of a L!(m)-space. This proves Lemma 2.1.

We return to the proof of Corollary 2.B.

We know, by Lemma 2.1, that X may be considered as a locally complemented
subspace of a L*(m)-space. Since X has a basis, and hence is separable, we can
assume that m is a probability measure. Similarly as in the proof of Corollary B,
it is enough to show that f;, considered as elements of L'(m), are not equiintegrable.

Let us assume the converse. Denote by (g,) the seqence of corresponding
basis functionals (g,€X). Set M=sup, ||§,| (<e). Given positive integer N put
EN=span {fi, f3» ---» fy}- Then there exist F¥, ENC FNc X, and a projection
Oy: LY (m)—222- FN |Qyl=c. Denote g,= 03 (8 .WEL™(m) for n=1,2, ..., N,
then |g,l..=Mec.

Now we proceed similarly as in the proof of Corollary B. First we observe that
the norms of the operators P,oQy, where P,: X—~X is defined by P,(>72, t,f)=
20 . t.f,, are uniformly bounded for N=1,2,... and »n=1,2,...,N. Then,
applying Proposition 1.A to the biorthogonal system (Mcf,, (Mc)~'g, ), and
n=n(Mcf;, +), we obtain that at least one of the numbers |P,0Qyl, n=1,2, ..., N,
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is not less than ¢y, where the sequence cyte depends only on ¢, M and (f,), a con-
tradiction for large N. This proves Corollary 2.B.

Proof of Corollary 2.C. We start with the following

Lemma 2.2. Let Y be a £~-space. Let (g,) be a basis of Y, (f,) — the sequence
of corresponding basis functionals. Denote X=span {f,}CY*. Then X is a ¥*-space.

Proof. Set Y,=span {gy, ..., g}, Y*=span {gy+1, it ---}» Xe=span {fy, ..., fi}
and X*=span {fii1, fet2, ---}- To prove Lemma 2.2, it is enough to show that,
for some constant J, each X; is contained in a finite dimensional subspace F* of
X with
(26) d(F¥, Lay) =4 (n(k) = dim F¥),

where d is the Banach—Mazur distance.
Denote by K the basis constant of (g,). Fix k and denote by P, the natural
projection from Y onto Y,. Then we have

@n P =K, |[dy—P = K+1
and consequently
(28) d(X,, YH =K, dX*Y¥)=K+1.

Since Y is a #,;"-space for some p, Y; is contained in some finite dimensional
subspace E* of Y with
29) d(E* i) = (n(k) = dim E¥).

Denote E*=(Id,— P,)E*. Then, remembering that Y,=P, E*, we obtain, by (27)
and (29),
d(l,'T(k), (Y ®EH,) = 2(K+Dp.
Hence, by (28),
(30) (B » (G E),) = 2K(K+ 1)1

By (29), there exists a projection @, from Y onto E* with [|Q|=u (one can
also use Theorem III(c), [6]). Therefore (Idy— P,)Q, is a projection from Y* onto
E* and hence Y*" contains a subspace, whose Banach—Mazur distance from E¥*
does not exceed ||(Idy—P,)Qull=(K+1)u. This shows, by (28), that some sub-
space F* of X* satisfies d(F*, E"y=K(K+1)p.

Since the basis constant of (f,) is at most K, we have

d(Xk+Fk: (Xk@Fk)2) = 2(K+ 1)*
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which combined with the previous estimate and (30) proves (26) with F*=X,+ F*
and A=4K2(K+1)®u2, completing the proof of Lemma 2.2.

Now we return to the proof of Corollary 2.C. Since, by Lemma 2.2, (f,) is
a basis of the £*-space X, some subsequence of (/[ £, is, by Cor. 2.B, equivalent
to the unit vector basis of I*. We have clearly 1=inf, | f,| =sup, | il <= and
therefore (f,) itself contains a subsequence, which is equivalent to the unit vector
basis of /1. This, similarly as in the proof of Corollary C, implies the desired con-
clusion.

3. The pointwise convergence

The main result of this section is the following generalization of Theorem 3,
[9], Ch. 1, § 2.

Theorem 3.C. Let S be a compact topological space, m — a regular Borel measure
on S. Let (f,, 8)ny> where g,€C(S) and f,€L*(m)c C(S), be a biorthogonal (with
respect to m) system of functions satisfying

1° sup, [|g,/l. <<

2° the functions f, are equiintegrable.

Then there exists a Borel set DC S, m(D)=0, such that if sc¢ D then, for some func-
tion g€C(S), the formal series of g

(+) ;o=1[fsfngdrn]'gn

diverges unboundedly at the point s.

Remark 3.1. Theorem 3.C strengthens Corollary C. Indeed, Cor. C says that,
under the assumptions of Th. 3.C, (g,) is not a basis of C(S); moreover, the proof
of Cor. C shows that, for some g€ C(S) the series (+) is not uniformly bounded.

In the sequel the following concept will be useful. In the notation of Theorem
3.C we say that

Ly= L) = [ | Zi fi®g0)|mds) (€S,n=1,2..)

is the n-th Lebesgue function of the system (f,, g,) (not necessarily satisfying the
conditions 1° and 2°). It is a well-known fact that the series (+) is uniformly bounded
for every gcC(S) (and then uniformly convergent for every g€Y =span {g;}) iff
there exists a constant K=o such that L,=K for n=1,2,... (we used this
in deducing Cor. C from Th. A). The series (+) is bounded at the point ¢ for every
g€C(S) (and then convergent at ¢ for every g€Y) iff the sequence (L,(#));, is
bounded.
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Proof of Theorem 3.C. By above, we must show that, when we denote A=
{te S:sup, L,(t)=<}, then m(4)=0. To do this, we need the following pro-
position, which generalizes Theorem 1, [9], Ch. I, § 2.

Proposition 3.A. Under assumptions of Theorem 3.C there exists a sequence
byt and a constant ¢=0 such that

€1)) m({lrénnaéxNL,,(t) =by)=e

Jor N=1,2,.... Both (by) and ¢ depend only on the modulus of integrability of
the set {f}.

Suppose we have proved this and assume, to get a contradiction, that m(4)=0.
Denote L(¢)=sup, L,(t) for z€S. Since L is finite m - a.e., there exists A<
such that m({L=A4})<g. Choose N to satisfy by=A. Then, by Proposition 3.A,

m({lrénnas_xN Lz b)=m{L=iP<g;
a contradiction. Thus it remains to prove Prop. 3.A.

Proof of Prop. 3.A. We can assume |gf.=1. Then n=n({f}, -) and
(f,» g)\_, satisfy the assumptions of Prop. A.1 for every N. Hence, by Lemma 1.1,
there exists y=0, depending on n({f}, -) only, such that (2) and (3) hold. We
prove Prop. 3.A with ¢=1v/8.

Let DcS be a Borel set with m(D)=g. Denote g,(t)=g,(t)ycp(t) and
F, (s, 0)=2",f()g;(#) for n=0,1,2,... and s, t€S. Our present goal is to
prove that
1 max foSF,,(s, t) m(ds) m(dt) = ay

1=n=N

for some sequence ayte, depending only on n({f;}, -). To do this, by the observa-
tion at the beginning of the proof of Prop. 1.A, it is enough to show that the family
of functions F, , defined by

Fw=F,—F for kn=0

satisfies the conclusions of Lemmas 1.3 and 1.4 for N=1,2, ....
The case of Lemma 1.4 is immediate. The proof of Lemma 1.3 needs slight
modifications only. We have, instead of (9),

9) (Pt*+P)g, =g = gixcp for i=k+1,.. ,k+n



Bases and biorthogonal systems in the spaces C and L! 269

and consequently, instead of (10),

(10" 1P*glly = lgxcoli— P gl = lglli—llgxpl— 1P~ gl
= y—y/4—y/2 =v/4,

whence the conclusion of Lemma 1.3 (for our current F ,) follows with o=y/8
instead of a=7/4. This proves (1°).

We claim that (31) holds with by=ay/2. Suppose not and apply the above
procedure to D={max,.,y L,(!)=by}. Observe that (1") may be rewritten as

max [ L,(t)m(dt) = ay.

On the other hand we have, for n=1,2, ..., N,

S Le@m@) = [ max L,(t)m(dr) = bym(CD) < 2by = ay,

1=n=N

a contradiction. This proves Prop. 3.A and completes the proof of Theorem 3.C.

4. Remarks and open problems

Remark 4.1. 1t is easy to prove Cor. 2.B in the special case X=/1. Moreover,
the conclusion of Cor. 2.B holds then for every normalized basic sequence (f,),~, .
To show this let us assume that, to the contrary, {f,} is a relatively compact set.
Then f,, being a basic sequence, tends weakly to 0. Hence | f,]—0, because I*
has the Schur property; a contradiction.

Remark 4.2. Cor. 2.B does not hold, if we replace 1 by any p=1, p#2. In-
deed, if p€(1, «), then the trigonometric system (e**™™)}. _, which is a basis of
L?(0, 1), clearly does not contain subsequences, which are equivalent to the unit
vector basis of I? for p#2. To solve the case p=< let us mention that, by [4],
there exists a basis (g,) of C(0, 1) such that 1=g,(¢#)=2 for all n and all' . There-
fore no subsequence of (g,) is equivalent to the unit vector basis of ¢, (contrary
to the cases of classical Schauder, Haar and Franklin bases). On the other hand

it is a well known fact that we can replace 1 by 2 in Cor. 2.B.

Remark 4.3. The case of unconditional bases is much simpler. Indeed, every
normalized basis of a Fl-space (resp. £ =-space) is equivalent to the unit vector
basis of I* (resp. ¢g) (see e.g. [5], Theorem 6.1). Since, by [2], Theorem 5.1. every
separable #P-space has a basis and hence, by [10], a conditional basis, this is not
true, if we omit the unconditionality assumption. If pc(1, <), then, by [3], Theorem
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4, every normalized unconditional basis of L? contains a subsequence, which is
equivalent to the unit vector basis of /2.

Remark 4.4. By Remark 0, Corollaries B and C generalize most qualitative
results of [4] and [12]. On the other hand, in [4] and [12] we always get a logarithmic
order of growth of Lebesgue functions of investigated systems, while in the present
paper we obtain much worse estimates.

In connections with the above remark the following problem seems natural

Problem 4.5. What is “the best” correspondence between n and (cy) in Pro”
position 1.A?

Problem 4.6. Suppose that the assumptions of Theorem 3.A are satisfied

a) Let (L,) be the corresponding sequence of Lebesgue functions. Does
%V— SN 1Lyl tend to infinity with N? Cf. Lemma 3, [1], and Lemma B, [4].

b) Does there exists a function f€L'(m) such that the series 3 ( f s & fdm)-f,
diverges on a set of positive measure m? Cf. [1].

Remark 4.7. Let (f;) be a normalized basis of L? for some p€[1, ). It is a well-
known fact that the Haar system (y,) (and hence the unit vector basis of I?) is equiv-
alent to some sequence, whose elements are spanned by disjoint blocks of (f,)
(see e.g. [9], Ch. I, § 1). Now let p=1. Normalize (y,) in L. In view of Corollary
B it is natural to ask, whether (y,) is equivalent to some subsequence of (f,). In
general the answer is negative: by Cor. 4.6, [13], there exists a basis of L, which
is p-Besselian for every p=>1. Hence (x,), which is not p-Besselian for any p<eo,
is not equivalent to any subsequence of (f,).

Problem 4.8. Does there exists a normalized basis of L, say (f,), such that
it may be represented as {f,}=2Z,0Z,, where Z, is relatively weakly compact
and Z, is equivalent to the set of unit vectors of /1? Of course the Haar basis does
not posess this property.

Remark 4.9. Corollary B does not remain true after replacing L*(0, 1) by the
Hardy space H*. To see this notice first that H* has a basis and, by the Paley’s
theorem, contains a complemented subspace isomorphic to /2. Hence, by Cor. 3.6,
[13], H? has a normalized basis, which is weakly convergent to O (even p-Hilbertian
for p<2).

Problem 4.10. Does Cor. C remain true after replacing C(0, 1) by the space
of analytic functions 47
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