The Bergman projection over plane regions

Jacob Burbea

1. Introduction

Let D¢ Og; (i.e., D has a nontrivial Green’s function) be a plane region and
let L,(D), 1<p<w<o, be the usual Lebesgue space of functions on D, relative to
the area Lebesgue measure do(z)=dxdy. For 1=p<<e and gq=p/p—1, the
pairing between f€L,(D) and g€L,(D) is given by (f; g)= f of (z)ﬁz—)da(z). The
class of holomorphic functions on D will be denoted by H(D) and we write B,(D)=
L,(DYNH(D). The Banach space B,(D) is called the Bergman p-space of D and
its norm is given by | fl,={fp|f (2P do(2)}"?. Let Kp(z,{) be the Bergman
kernel of D and consider the *“Bergman projection” (whenever is defined)

PO = (f, Ko (-, D) = [ (D) Kp(z, D do (2).

When D is subjected to some mild smoothness requirements, it was shown
in [5] and [6] that Py, is a bounded projection of L,(D) onto B,(D), for 1<p<eco.
With this we have the decomposition L,(D)=B,(D)& B,(D)*. This was done
by exploiting an integral operator involving the “adjoint” [3] of the Bergman kernel.
The latter has the required singularity of the theory of singular integrals.

Quite recently Solov’ev [12], using different methods, has announced a number
of results on the boundedness of the Bergman projection provided D is a bounded
finitely connected region with some smoothness requirements on its boundary.
These results of [12] are similar to those of our previous work [5] and our present
method of proof can be also applied to extend them to the more general
case of D¢ 0.

In this paper we extend our previous results [5, 6] to the more general case
when D¢ O; and we investigate more extensively operators related to the “pro-
jection” Pp. We also characterize all regions D¢ Og for which Pp is a bounded
projection on L,(D) by introducing a condition of the Muckenhoupt’s type. The
treatment of these problems will also yield new identities between certain relevant
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operators which may be of some interest and will enable us to identify the annihilator
B,(D)* of B,(D).

In § 2 we review some known results from the theory of singular integrals while
in § 3 we introduce the Bergman—Schiffer transforms. In § 4 we establish the various
relationships amongst the Bergman—Schiffer transforms, the Bergman projection
and the Hilbert transform when D is an arbitrary region, D¢ Og (Theorem 1 and
its corollaries). In § 5 we introduce the crucial class of regions W, (l1<p<-<<) in
terms of a universal cover mapping of a region. The fact that this definition is
intrinsic is proved in Theorem 2. The intimate connection between this class and
the boundedness of the Bergman projection is demonstrated in Theorem 3 and
Corollary 2. A detailed study of the Bergman projection is conducted in § 6 (Theo-
rems 4, 5 and their corollaries) while § 7 is devoted to the identification of the annhil-
ator B,(D)* as a Sobolev space and as an image of a Bergman—Schiffer transform
(Proposition 4 and its corollaries).

2. Singular integrals

In this section we collect some known facts from the theory of singular integrals
which will be needed in our work. Throughout this paper we shall restrict ourselves
to the case l<p=o with g=p/p—1. We shall consider certain transforms (in-
tegral operators) on L,(C). For a kernel /i(z,{) we define the transform

HNO = [ 1z Df(2) do(2)
and its (formal adjoint)

HNO = [ 1 Df(2) do(2).

When the kernel 4(z, {) is singular, the integrals shall always be taken in the prin-

cipal value sense. Let y, be the characteristic function of the measurable subset

D of C and write Hp,=Hyy,. Therefore, if H maps L,(C) into L,(C) we can view

Hj, as a mapping of L,(D) into L,(C) or L,(D) in a natural way. In particular, if

H is bounded on L,(C) then Hj, is bounded on L,(D). Also, Hj=H "y, on L (D).
We consider the following familiar transforms; the Cauchy transform

1

f(2)do(2)
z—{

1
SHO=—/,
and the Hilbert transform

IO =3 [ gD o)
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It is well known that these operators are bounded on L,(C) for any l<p<eoo,
and, moreover
2.1 T*T=TT*=
on L,(C) with I being the identity operator on L,(C). From this follows that
T*Ty =T*Typ = (T*T)p = Ip,
TTy =TT*yp=(TT*)p =1

on L,(D) with I, being the identity operator on L,(D).
Let z=x+iy and let f be a differentiable function near z. We write

fz = 3zf = %(axf_layf)’
fr=0f =5 @.f+id, f).

By a use of Green’s formula one easily obtains:

Proposition 1. Let f be of class C* in C and assume it has a compact support. Then
f=8f: f=-5f.

fzz_T*fE9 z:_sz-

We also note the following known fact: namely, if f€L,(C) then Sfis absolutely
continuous on almost every line parallel to either axis and, therefore, (Sf), and
(Sf); exist almost everywhere in C. In fact, (Sf),=—f(z) and (Sf),=(If)(2)
(for almost all z in C).

Let A={z:]z|]<1} denote the unit disk. We recall, thatif L is a circle orthogonal
to the boundary of 4, 94, then the part of L in A is called a noneuclidean line in
the Poincare’s model of hyperbolic geometry. Naturally, a diameter of 4 is also
a noneuclidean line and every noneuclidean line separates the noneuclidean plane
A into two noneuclidean half planes. Any part of a noneuclidean line is called a
noneuclidean segment.

By a noneuclidean polygon in 4 we shall mean a subset S of 4 bounded by
a simple curve consisting of finitely many noneuclidean segments. The family of
all such polygons is denoted by N(4). Evidently, this family remains invariant
under the action of any 4€Mab (4) and it covers 4.

Let A be a non-negative locally integrable function on A. The space L,(4: 1)
stands for the class of functions on 4 for which

le,an ={ [, @) do ()}

is finite. For future reference we shall record the following proposition which is
due to Coifman and Fefferman [7] (see also [2]):

and
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Proposition 2. The Hilbert transform T, is a bounded operator of L,(4: %)
into L,(4: A) if and only if

@2) sup [ﬁ fsﬂ.(z)da(z)]-[l—;r [ A7 da(z)] T,

where the supremum is taken over all SEN(A). Here |S|=0(S).

The condition (2.2) on 4 is called the Muckenhoupt M ,-condition. The family
N(A) can be, of course, replaced by a variety of other families (see, for example, [2]).
The advantage of using noneuclidean geometry, however, is clearly demonstrated
in defining the class W, in § 5.

3. The Bergman—Schiffer transforms

Let G=Gp(z,{) be the Green’s function of the region D¢ Os;. Thus
Gp(z,0) = H(z,)—log|z—{],

where H=H(z,{) is symmetric and harmonic in (z, )¢ DX D. The Bergman kernel
K(z, )=Kp(z, ) is given by

K(Z, Z) = —%azazG

and its “adjoint” L(z,)=Ly(z () is
2
L(Z, C) = —;(Z&;G.

Therefore,
1

L0 =5 =10

where

2,0 = = 0.0H

is symmetric and holomorphic in (z, {)¢ DX D. The function I(z, {) is holomorphic
in (z,)¢ DX D whenever the boundary dD is analytic. For this and other related
results, one is referred to Bergman and Schiffer [3]. Also, it can be shown that
I(z, {) is identically zero if and only if D is a disk less (possibly) a set of zero inner
capacity.

In analogy to the Bergman projection

PO = [ Kz DS (2)do(2),
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we also introduce the ‘““Bergman—Schiffer” transforms

@oNO = [ LG Df(2 do(2)

and

W NO = [, 1 Df(2)do(2).
Therefore,
(3.1 Tp = Qp+4p.

Throughtout the remainder of this section we shall assume that the boundary
0D is analytic. The class of all such regions will be denoted by A. In this case I(z, {)
is holomorphic on DX D and K(z, {) is holomorphic in (z,{) for (z,)e DX D.
It is also a matter of a straightforward application of Green’s formula to verify
the following statement (see [3] for additional details):

Lemma 1. Let DcA. Then, for z,(€D we have

32 [ ICHIE t)da(t)=— f = (2 Do) = K(z -1z D)

where

do(t) A =
3.3 —t E,=C-D.
3.3 riz,0= nszD TRE e D
Also

K, §)da(2).

(X)) Iz 0= [ Iz DK, Z)da(z)_—f (

Clearly, K(z,0),I'(z,0) and K(z,0)—TI(z,{) are Hermitian positive definite
kernels on D. Also T (z, {) is holomorphic in (z, Q) for (z,)eDXD.

4. Identities for general regions

We now return to the general case namely, that D is a plane region, D¢ Og.
Let {D,} be a canonical exhaustion of D where each D, belongs to A. The corre-
sponding kernels of D,, K,(z, {) and [,(z, {) converge strongly in L,(D) and hence
uniformly on compacta of D to K(z, ) and I(z, {) respectively, when n-»e>, For
these, see [10] and [13]. From these also follows that Lemma 1 remains valid for
the general case too, and, especially,

O =(fK(,0), (€D,
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for any f€B,(D). Here, of course, (3.3) holds and therefore, for a fixed {€.D we have

1 1 A
ret =——T*D[————-—_] 2), E,=€-D.
(z,0) gt i~ (2) D
Therefore,
1 1
FZ,Z ='—T*[ Dt -—:] zZ).
@D =27 (10 —==]®
This function is in B,(D) for any fixed {€D. In fact I'(z, ) is in L,(C) for any

fixed {¢ D. Indeed,
1 do(t) yUr
:AP—{fE : } _
T It_Cl P

IPC Dlyor = Ay 60— )

(t— C) Ly(€)

Here 4, is a constant which can be taken as A,=k,p+k,(p—1)"1 with ky, k,
being positive constants independent of p (I<p<=<e). When p=2, since T is an

isometry on L,(C), we even have
1 do (1) 12
0=\ o

re., Z)HL.,,(C) XED( )

C)2

We now introduce another transform
WNO =T, D)= [ fOT (D do().
Using (2.1), (3.3) and Fubini’s theorem we have

WoDO =1 [, g [7 o iz H 0] 0t

= T* [t To f10) = T*[(1 - %) Tp S 1)

= —-TpIp)f 1D
on L,(D). Hence

“.1) Ap = I—T3T,

on L,(D), and, Ap is a bounded self-adjoint operator on L, (D).

The operators Ay, Py, and Qp are always bounded on L,(D) by virtue of the
fact that L,(D) and B,(D) are both Hilbert spaces while the “geometric’ operators
Tp and Aj, are bounded on L, (D). The following relationships amongst these oper-
ators will be needed in our work.

Lemma 2. Let D¢ Og, then on L,(D) the following hold:
@2 ApAp = AL Ty,
“4.3) Ap =T, Py, = A, Py,
4.4) OpPp =450, =0
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and
(4.5) Ap = Pp—A}Ap.

Proof. (4.2) follows from (3.2) and (4.3) follows from (3.4). Next, by (3.1)
and (4.2), A5 Q,=A45(T,—A,)=0. Also, by (3.1)and (4.3), QpPpr=(Tp—Ap)P,=0
and (4.4) follows. Finally, (4.5) follows from (3.2).

This lemma provides us with rather interesting identities involving the oper-
ators @, and P, which are described in the following theorem:

Theorem 1. Let D¢ Oy, then, on L,(D),

(4.6) Op= Tp(Ip—Pp)
and
4.7) Iy—Pp= T;;QD:QT)QD°

Proof. According to (3.1) and (4.3), Qp,=Tp—Ap=Tp— T}, Pp and (4.6) follows,
Next, by (4.1), (4.2) and (4.5) we have

and thus, using (3.1), I,—Pp,=0;T,. Conjugating the last identity we obtain the
first half of (4.7). Further, by (3.1) and (4.4), we also have T;Q,=(0p+4)0,=
030, and the theorem follows.

The result I,,—P,=05 0, when D is assumed to be of class A was first proved
by Block [4] by using different methods. Clearly, in view of (4.4) and (4.7), PE=P,,.
Also Ppfis in B,(D) for any f¢L,(D) and P, f=f for all f¢B,(D). The above
results are valid on L, (D) and on L, (D), p#2, P, and Qp are not necessarily bounded.
However, we have the following simple, yet crucial corollary:

Corollary 1. On L, (D) the boundedness of Py is equivalent to the bounded-
ness of QOp.

Proof. Assume Pp is bounded on L,(D). By (4.6) of Theorem 1, Qp,=
Tp,—TpPp and so Qp is bounded on L,(D) for, T} is so. Conversely, assume O
is bounded on L, (D). By (4.7) of Theorem 1, Pp=1I,—T} 0, and the result follows.

5. The class W,

In view of Proposition 2, P, is bounded on L,(D) provided the boundary D
of D is sufficiently smooth. Here, we shall characterize the class of all regions D
for which @, and, therefore, Py, is bounded on L,(D).
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Since D¢ Og, D has the unit disk 4={w: |w|<1} as its universal cover. Let
n: A—-D be a universal covering map for D. Let I' be the covering group of =,
that is, I" consists of all those y¢ M&b (4) for which # oy=m=. Then, as is well known,

1-y@?
yw)—1

with z=n(w), {=n(z); w, t€4. On the unit disk 4,

Gp(z, ) = 2v€r10g

Gy(o, 9 = log| 2],
_ 1 1

Ky(w,7) = = 0—atr
and

LA (CD, T) = %-('5—_17)2- .
Consequently,

Gp(z, ) = 2 yer Ga (7((1’), T)’
Kp(z D (@' (D) = Zyer Ka(y(@), )7 (@)

and

Lp(z, ' (@)7'(7) = Zyer La(y(@), 1) ().

The above representations are evidently well defined and they are independent of
the choice of the projection map =.

Let Q=A/I" be a fundamental region of I'. In this case n|, is (modulo a set
of measure zero) a homeomorphism of Q onto D. Also, A=J,cry(Q). Let
®=(nly)~t. For a measurable subset U of D, we write

1910 = { [, 19 @ do(2)}.

Let N(2) be the family of all noneuclidean polygons in Q. Evidently, N(Q)
is a subfamily of N(4) and it covers Q. By a (noneuclidean) polygon U of D we shall
mean U=n(¥V), where VEN(Q). The family of all such polygons is designated
by N(D). This definition of N(D)==n[N(Q)] is independent of the projection m
as the first part of the next theorem shows.

The region D¢ Og is said to belong to class W, if

"(P,up:v . H(P'quu - oo
Sgp[nwmmu] uwwmul ’

where the supremum is taken over all U¢ N(D). Again, this definition is independent
of the projection m as the following theorem shows:
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Theorem 2. Let m,: A—~D be another cover map and let I'; be its cover group.
Let also Q,=A|l'y be a fundamental region of I'y with l[1=(n1\91)‘1. Then, N(D)=
®[N(Q)]=m[N(Qp] and
1—r

T 10 = W e = T2 10

for all measurable subsets U of D. Here, r is a constant in [0, 1) which is indepen-
dent of U.

Proof. There exists an 46 Mo6b (4) so that myoAd=n and hence I'=A71I'; 4.
Therefore, Q,=A4(Q) and Yy=Ao¢. Clearly, A[N(Q)]=N(Q,), and, therefore
 [N(Q)]=r[N()]. Next, ¥'(z)=A4"(¢(2))¢’(z) and

W50 = [, 14 (e@)le (P do(2)
for UcD. Since AEMGDb (4), A is given by

w—1,
= . =1 1.
A@) =gz ns ol =1, [ <
Now
A(@) =(1—[1H(1~TFw)~?
and thus
1— |7l ’ 1417
= A (w)] = —F—
e = 4@ =T

for all w€A. Using the fact that w=¢(z)€QcCA this, therefore, yields

1—|7,|
14|z

190 = W o = L1 190

The theorem now follows by setting r=|z,|.
Theorem 3. Qp, is bounded on L,(D) if and only if DEW,.
Proof. By definition

©@oNO = [, Lo(z Df(2)do(2)
= [, Loz DS (DI’ (@) do(w)

1
i

o Zyer%f(nw)n'(w) do (@)

1= ¥ (@)
=7 () lfgzyer?)ﬁ;g(w)do(w)
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with g=(fom)rn’. Here, g is an automorphic form satisfying
g(w) = glyw)y' (@)
for each w€ 4 and all yeI'. Also
lel,am = 1fllp; #(@) = |7 (@)]*? ro(w).

In what follows the interchange of sum and integral is justified by virtue of
Fubini’s theorem, and, we find that

@O = =¥ Zyer [, (—V% £(©) do ()

SEYC IZyerfm( 1) £(©)do(®)
_71;_) fA( — g(t) do )
Consequently,
(.0 Qpf)(@) =" (@) (Tyg)(@); z=mn(w)ED.
Therefore,

100512 = [, In"@)P (T4 8) (@)1 do (2)
= fQ [(T4g) (@)l In" (w)*~? do (w).
The norm inequality [|QpfI53=C] f|} is therefore equivalent to

[, [T @) p@)do(@) = C [, 1g(@)” n(w) do ()
with the weight
1) = fa@In'@)P7; wed.

This, in view of Proposition 2, is equivalent to

swo [/, 1@ e @] [ [ w0 T do@)] <o

or
50155 [ ol @F 0@ [, W @) do @] <=,

where the supremum is taken over all S¢N(A). This evidently is equivalent to

62 SUp 5 |V|,, [/, = @)r-rde@)]-[ [, |n'(w)|§:—1da(w)]f'-’ <o,
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where the supremum is taken over all VEN(Q). We write U=zn(V), VEN(Q).
Then U€N(D) and

Wi=[ do@ = [ lo'@Pdo) = ¢l
Also
[, In @7 do (@) = ||
and

1/, ln'(w)lff:_ldo(w)]p—l = ¢’ I5.0-

Therefore, condition (5.2) is equivalent to the condition that DE W,. This concludes
the proof.

Corollary 2. P), is bounded on L,(D) if and only if DEW,.

We also note that for any D¢ O, DEW, and that DEW,, if and only if DEW,.
The above results extend those obtained in our previous work [5, 6]. It is also clear
that if 9D is Dini smooth then D¢ W, for any p€(1, o). In fact, the following stronger
statement is also true. Assume dD is Dini smooth except at one point c€dD. At
the point ¢ the boundary makes an angle with aperture /o, 1/2=0 <. We denote
the class of such domains by M,. Then (see [6] for additional details).

Proposition 3. Let DEM,. If a=1 then DEW, for all pE(l, «). If 1/2=a<1
then DeW, if and only if pe(2/14a, 2/1 —a).

We conclude this section by remarking that similarly to (5.1) we also have

(3:3) (Ppf)(2) = w'(@) M (P48)(w); z=m(w)eD
with g=(fom)n’. Recall that for any ycI' we have
4 g(w) = g(rm)y'(w); weAd.

Also [1glle,cam=1fl, With pl@)=Ir"(@)* Pro(w), «cd.

6. The Bergman projection

Here we assume that the region D¢ Og is of class W, so that Q) and P, are
bounded on L (D). Since Ap=T,—Q) it also follows that A, is bounded on L,(D).
Moreover, in this case, it is also clear that the operator identities of Lemma 2 and
Theorem 1 remain valid on L,(D) too. Especially, Pj=Pj, on L,(D), in view of
(4.4) and (4.7). Also, P, is self-adjoint on L,(D) and thus [Py, =|Pyll, with
[-Pplle=1.
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Theorem 4. Let DEW,. Then Ppf€B,(D) for any f€L,(D).

Proof. Let C7(D) be the class of C~(D) functions with compact support
inside D. According to Weyl’s lemma it is sufficient to show that

Pof, 0.0 = [ (Pof)(2)0.¥(2) do(2) =0

for every y€C; (D). Let fcL,(D), because of the density of C7°(D) in L,(D) there
exists a sequence {f,}CC(D) with lim,_ ., | f,—fll,=0. Since also f,€L,(D)
it follows that Ppf,€B.(D) and especially Py, f,€ H(D). Therefore,

(PDfn,azlp)=0; n=1329--'5
for every y€C7 (D). Now, by the bourdedness of P, on L,(D),
l(PDf9 3z$)| = ](PDf—PDfns az‘p)l = Ap”f—fn”pnaz!/_j”q e 0

and the theorem follows.

Corollary 3. Let DEW, and let (€D be fixed. Then K(-,{) belongs to
B,(D)nB,(D).

Proof. Since DEW, we have |Ppfll=4,]fl, for each fcL,(D). It follows
by Fubini’s theorem that (P, f)(z) converges absolutely for almost all z¢ D. How-
ever, by Theorem 4, P, fis holomorphic in D and thus (Pp, f)(z) converges absolutely
for all z€D. Let {€D be fixed and consider the linear functional R(f)=(Ppf)(),
fe€L,(D). This linear functional is bounded. Indeed, let {f,}cL,(D) with
lim,, || f,—fl,=0. Then lim,  |Ppf,—Ppfll,=0 and, since Pyf,, Py fcB,(D)
we obtain that lim,,_ Ppf,=P,f uniformly on compacta of D. In particular,
this shows that R is a bounded linear functional on L,(D). Consequently, in view
of the Riesz representation theorem, K (-, )€ L, (D). Since also DEW, we have
by duality K(-,{)¢L,(D). The corollary now follows by noting that K(z,{) is
holomorphic in z€D.

Theorem 5. Let DCW,. Then Py, f=f for every fcB,(D).

Proof. Let feB,(D). Since (Pp, f)(z) converges absolutely for all z€ D it follows
from (5.3) and (5.4) that (P,g)(w) converges absolutely for all wed=J,cr yQ
and is holomorphic in 4. Also, since f€ H(D) it follows from (5.4) that gc H(A).
Now, by the absolute convergence of (P,g)(w) we have

1y e

Y4 |l—Tl?

do(r) <o
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for every wéA. Especially, g€B,(4) and therefore

8@ = 1 [, TE dott)

or g(w)=(P,g)(w), wed. This together with g=(fom)n’ and (5.3) shows that

(Ppf)(2) = 1'(@) (P4 8) () = n'(0) ' g(w) =f(2); z=m(w)eD.

This concludes the proof.
We are now in a position to prove the following corollary:

Corollary 4. Let DCW ,, then we have the direct sum decomposition
L,(D) = B,(D)® B,(D)*.

Proof. For feL,(D), let h=P,f and h'=(I,—Pp)f Hence f=h+h*t and
by Theorem 4, h¢ B,(D). Let g€ B,(D), then P,g=g and by the self-adjointness
of Pp

(ht,9) =(Ib—Pn)f. 8) = (f, ©—(Pof. ) = (f, ©)—(f, Ppg) = 0.

If f€B,(D)nB,(D)*, then (f,g)=0 for all g¢ B, (D). However, by Corollary 3,
K(-,0) is in B,(D) and so by Theorem 5, f({)=0 for all {€D. This concludes
the proof.

The rest of the results in the remainder of this section follow by standard
arguments based mainly on the Hahn—Banach theorem and we include them here
only for sake of completeness (see also [5]).

Corollary 5. Let DEW . The mapping R: B,(D)—~B,(D)* given by R(g)=L,,
where L, f=(f,g) for all f¢B,(D), defines an anti-linear isomorphism of B,(D)
onto the dual of B,(D), B,(D)*.

Corollary 6. Let DEW), and let {t,} be a dense sequence of points of D. Let
?,(2)=K(z,1,), n=1,2,.... Then the span of the ®,’s [®,] is dense in B,(D).

Corollary 7. Let D€ W, and let f,, f¢B,(D), n=1,2, .... Suppose that {|| f,|,}
is bounded, and, that f,(2)~f (2) for each z€D. Then f,~f weakly in B,(D).

Corollary 8. Let DCW,. Suppose f,, f€B,(D) with f,(z2)~f(z) for each zED
and | fll,~ 1 f1,. Then || f,—f1,~0.
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7. The annihilator B, (D)*

The annihilator B,(D)* of the Bergman space B,(D) may be identified as a
Sobolev space. The region D is arbitrary here and not necessarily of class W, nor
necessarily D¢ Og. This fact (Proposition 4 below) is rather known and it seems
that the earliest reference for it appears in Havin [8]. For the special case that DEA
and p=2, this result was even mentioned earlier in Schriffer [11]. This identifica-
tion has been also used by various authors (as, for example, [1, 8, 9]) in proving
approximation theorems. For sake of completeness, however, we shall include
a proof which uses Proposition 1.

The Sobolev space Wpl(D) stands for the class of all L,(D) functions f(z)
whose first partial derivatives (taken in the sense of distribution theory) f,(z) and
J:(z) also belong to L,(D). It is a Banach space normed by

Wl = { [, (f@P+ILE+ LGP do ().
Trivially,
(7.1) max (| fllp» 1 fellps 1) = 1050 < 201 F 1+ 12l 12l ).

We denote by I/I"/p1 (D) the closure of CZ (D) in W, (D). As usual, a function fc W, (D)
is said to vanish on 9D if fEI/Io/;} (D).

Let R,(D) be the L,(D)-closure of the set {h,: h€CZ(D)} and let S,(D)=
{h.€L,(D): hEI/f/pl(D)}. If h,€S,(D), then, clearly, lim,,. [h,—h[,,=0 with
{h,}c C;" (D). Consequently, using (7.1), lim,,e |k, ,—h.],=0 and therefore,
S,(D)CR,(D). Conversely, let h,ER,(D). Then lim,,. |k, ,—hl[,=0 with
{h,}cCs (D). Especially, lim, ye [1,,.—hy,2ll,=0. In view of Proposition 1,
1m0y, s [,z =, 2]y =150 s [T P, s i, =0 20 Ty s 1, — P, =
lim, peeo | Sp(By,z— R I ,=0. Therefore, using (7.1), lim, meo A=Ay, 1=0.
Hence, h,€S,(D), showing that S,(D)=R,(D).

We now prove:
Proposition 4. B, (D) =S,(D)=R,(D).

Proof. Since S,(D)=R,(D) it is sufficient to show that B, (D)*=R,(D).
Moreover, since B,(D) and R,(D) are closed subspaces of the reflexive Banach
spaces L,(D) and L,(D), respectively, it will suffice in showing Bq(D)=RP(D)l.
Now, by Weyl’s lemma, R,(D)!cB,(D). Conversely, let fcB,(D) and let
h€R,(D). Let {h,}CC7 (D) with lim,_ |4, ,—4,),=0. Then

(hazsf) = [ 0:0(Df @) do(2) == [ 1,(2)0.f () do(2) = 0

for each n and, consequently, (%,, f)=0. This concludes the proof.
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The following corollary states that, for D W, each function of L,(D) is the

direct sum of a holomorphic function and a complex derivative of a function in
W, (D) which vanishes on the boundary.

Corollary 9. Let DeW,. Then L,(D)=B,(D)® S,(D).
Proof. This follows from Corollary 4 and Proposition 4,
Corollary 10. Let DEW,. Then S,(D)=030,(L,(D)).

Proof. This follows from Theorem 1, Corollaries 1, 2,4 and Proposition 4.
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