Equivalence of generalized moduli of continuity

Jan Boman

1. Introduction

The generalized modulus of continuity w,(f, ¢) for a function f on R" with
respect to a measure ¢ on R” is defined as

o, (f, 1) = sup {lloy *f[; 0 <u =1},

where |[|-]| is some norm, e.g. supremum norm, % denotes convolution, and o,
is the so-called “dilation” of ¢, which is defined by o, (x)=u""0o(x/u), or more
precisely, [ @(x)do,,(x)= f ¢(ux)do(x) for all continuous functions ¢ with com-
pact support. The interesting case is when [ do=0; in this case lim,.q w,(f, £)=0
for every bounded and uniformly continuous function f. The problem is to compare
the order of magnitude of w,(f, t) and w,(f, ) as t—0 for given pairs o, 7. In
this paper we -study this problem in detail. Specifically we study for which pairs o,
T the inequality

1.1) . (f, t) = Co,(f, Bt)

holds with constants C and B independent of /. Inequalities of this kind have applica-
tions to approximation theory. For instance the well-known Jackson and Bernstein
theorems concerning trigonometric approximation can easily be deduced from such
inequalities.

Our results are formulated in terms of the “order” of the zero at the origin
of the Fourier transforms &(£) and £ (&) of the measures involved. With each ¢
there will be associated an ideal J,(¢) in the ring of germs at the origin of Fourier
transforms of measures. More exactly J,(c) is the ideal generated by all the elements
{6(&); u=0}. Our main result states that, provided o satisfies certain a priori
conditions, then (1.1) holds if and only if

1.2) Jy(r) < Jy(0).

In simple cases this condition means that & divides % locally at the origin.
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The problem of comparing generalized moduli of continuity has been studied
by H. S. Shapiro [14]. A typical result of Shapiro states that the estimate

(1.3) o (f, 1) = cf:' o,(f, wyu=tdu, t>0

holds if ¢ and 7 satisfy (1.2) and ¢ satisfies the Tauberian condition (2.11). Thus
one of the objects of the present study was to replace (1.3) by the stronger (1.1).
A specific motivation for this came from approximation theory. In fact the results
on degree of approximation that can be deduced from Shapiro’s theorems are some-
what weaker than what is actually known to hold in specific cases. See Section 7
below for details.

As a further application we study the r** order moduli of continuity w,(f, ?),
r=1,2,..., and more generally the L?-moduli w, ,(f;, ) for functions of several
variables. From our main theorem one can easily deduce results concerning the
equivalence of various possible definitions of the moduli of continuity a,, ,(f, 7).
On this point the cases 1 <p-<ecand p=1, = lead to different results (Theorems 6.2
and 6.3).

The method of proof of our main result seems to be of independent interest.
An important step is the application of a theorem of Varopoulos on (global) division
in certain measure algebras [21].

The plan of the paper is as follows. In Section 2 we give definitions and for-
mulate our results. In Section 3 we prove an estimate for trigonometrical sums in
several variables, which is needed in connection with the application of Varopoulos’
theorem to our problem. In Section 4 we prove the special case of Varopoulos’
theorem which is of interest here. The proof of the main estimate (1.1) is completed
in Section S. In the remaining sections we treat various applications of our results.
Higher order moduli of continuity are studied in Section 6, applications to degree
of approximation in Section 7, and a couple of other applications are briefly men-
tioned in Section 8.

1 wish to thank professor Jaak Peetre for valuable criticism leading to improve-
ment of the exposition.

2. Comparison theorems for generalized moduli of continuity

Denote by M(R") the set of all complex-valued bounded Borel measures in
R" and by C(R") the set of complex-valued, bounded, uniformly continuous func-
tions on R". The supremum norm in C(R") is denoted | ||, and the usual norm
in M(R" is denoted | -|l,;. The Fourier transform of o€ M(R") is denoted & and
is defined by 6(5)=f exp (—i{x, &))da(x), E€R". Here (-, -) denotes the inner
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product in R". M(R") is made into a Banach algebra under convolution, and L1(R")
is identified with a subalgebra of M(R").

Here are some simple properties of the generalized modulus of continuity.
(See also [15], chapter 9.) If o, 1€ M(R"), then

@.h Wz +:(f, 1) = @, (f, )+ . (f, 1).
Writing u=o*t we have

2.2 w,(f, 1) = ||ty o, (f, 1).
Obviously, for any a=0

23) Wq iy (f5 1) = @, (f, at).

If £ is a finite family of elements of M(R") we define w;(f,t) to be
sup {w,(f, 1); o€ Z}.

We denote by J(2)V the ideal in M(R") which is generated by all the dilates
0w, u=0, o€XZ. If ¥ consists of one element X={g}, we write J(o) instead of
J(Z). Denoting the elements of X by o, ..., ¢, each element of J(Z) can be written
by means of a finite sum

(24) T= Zk,j a{akj) * vkj

for some measures V¢ M(R"). We will now introduce an ideal K(Z), which is
larger than J(Z), by replacing the sum in (2.4) by an integral. To make this precise
we introduce the group G=R"XR, as the (semi-direct) product of the additive
group R" and the multiplicative group R, of the positive real numbers. The group G
acts on M(R") in the following way. Denoting the action of (%, W)¢ R"XR, =G
on o€ M(R") by o, ,, we have

1

U(h,u)(x) = -1;;,‘0(

x+h
u

). or b0.0® = 005w,

Let M(G) be the algebra of all bounded measures p on G whose support is contained
in R"X[0, B] for some B. Now we define K(Z) as the set of all t¢ M(R") which
can be written

(2.5) = 2,‘1:1_/‘ U{h,u) dy (h, u)

for p'e M(G). The integral is to be interpreted in the weak sense, so that for instance
if J=1, (2.5) means the same as

[fdc= fG fRn fdog,wdu(h, u) for all fEC(RY.

Y This notation differs from the one used in [6].
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Note that (2.5) reduces to (2.4) if each p/ is a product of an element of M(R") and a
Dirac measure on R, or-a sum of such products. Clearly K(Z) is an M (G)-module,
and in particular an ideal in M(R").

It follows from (2.5) that if t€ K(Z), then

(2.6) w(f, 1) = Caos(f, Br).

(This shows incidentally that w; depends only on the M (G)-module K(Z) and not
on the finite generating family X.) However, the converse statement is also true,
at least if 6(0)=0 for all o¢Z (which is the only interesting case).

Theorem 2.1. Let the finite subset X M(R") be given, let ¢ M(R"), and
assume
2.n 6(0) =0 for every o€l

Then (2.6) holds for some constants C and B if and only if t© belongs to the M(G)-
module K(X). Similarly, if T’ and X are finite subsets of M(R"), X satisfying (2.7),
then the inequality wy. (f, t)=Cwy(f, CT) holds if and only if K(X")cK(Z).

Proof. For technical reasons we will work with the space Cy(R") of functions
tending to zero at infinity rather than the space C(R"). The space M(R") can be
identified with the space of all continuous linear forms on C,(R").

Let ¢/, j=1, ..., J, be the elements of X. For each f¢C,(R") and each j con-
sider the function

(2.8) @;(hy ) = [F(—x) Aoty (xX) = oy % f(B),  (h, WEG.

Clearly ¢; is continuous. In fact ¢; is uniformly continuous for u in bounded sets,
since lim, . . ¢;(h, w)=0 and lim,., ¢;(k, u)=0. The last assertion follows from
the fact that 6/(0)=0 for all j. Set I={u; 0<u=B} and denote by C,(R"XI)
the Banach space of all complex-valued uniformly continuous functions on R"XI
which tend to zero as u#—~0 and as [h| >, equipped with the supremum norm.
Denote by L; the set of all functions @=(@;, ..., ;)€ Co(R*XI)’ with ¢; of the
form (2.8) and f€ C,(R"). Assume that (2.6) holds and consider the linear mapping
¥, from Ly to the complex numbers defined by

29 Po(p) = t#f(0) = [f(=x)d7(x).

From (2.6) with ¢=1 it follows that ¥, is continuous. By the Hahn—Banach
theorem we can extend ¥, to a continuous linear form ¥ defined on all of Co(R*XI)’.
But ¥ can be represented by a J-tuple of bounded measures (i, ..., ') on R*XICG.
Combining (2.8) and (2.9) we easily conclude that (2.5) holds, i.e. 1€ K(X).

Our main goal is to give conditions for (2.6) in terms of the behaviour at {=0
of the Fourier transforms of the measures involved. The strongest possible condi-
tions on t of this sort is of course that £ vanish in a neighbourhood of the origin.
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Hence it is natural to begin by asking for which X it is true that (2.6) holds for all 7
such that £(£)=0 in some neighbourhood of the origin. Let ¥ be such a set of
measures. It follows from Theorem 2.1 that there must exist u/€ M(G) such that

(2.10) 1= 37, [ 67 eiew dui(h, u)

for ¢ outside some compact set. By virtue of Lebesgue’s theorem on dominated
convergence (2.10) cannot hold if all 6/(¢) tend to zero as |£|->oo. That is to say,
(2.10) cannot hold if all the ¢/ are absolutely continuous, i.e. belong to L(R").
We can in fact say more: (2.10) cannot hold if there exists &€ R™\ {0} such that
lim,_, 6/(u&)=0 for all j. These observations motivate the following assumption:

(T) the set of functions {6,(ul), u=0, c€ X} has no common zero on R™N{0}; here
o, denotes the discrete part of o.

A bounded measure is called discrete if it has the form 27, ¢, , where {a}
is an arbitrary sequence of points of R" and > |¢]<<e. The condition

.11 {6&); u >0, 6€Z} has no common zero on R™\ {0}

was introduced by H. S. Shapiro in [14] and was called the Tauberian condition.
We shall also need a structural assumption:

(S) if n=2, each 6€X can be written c=o0,+0,, where ¢, is ¢ discrete measure
and o,€ L*(R").

We can now formulate our main result.

Theorem 2.2. Let £ be a finite subset of M(R") satisfying (S) and (T), and let
T be an element of M(R") such that £(£)=0 in some neighbourhood of the origin.
Then t€K(2), and hence . (f,1)=Cws(f, Ct) for some C.

The proof of this theorem will be given in Section 5. It depends heavily on the
contents of Sections 3 and 4.

Note that the condition (S) is void if n=1.

The Fourier transform of a discrete measure on R cannot vanish on a half-
line without vanishing identically. If n=1 the condition (T) therefore means simply
that the discrete parts of the elements of 2 do not all vanish. This suggests the follow-
ing reformulation of the condition (T). For simplicity consider the case when X
has only one element. The measure ¢ satisfies (T) if and only if for each &€ R™ {0}
there exists at least one hyperplane KcCR", orthogonal to &, such that o(K)=0.
In other words, for each (n—1)-dimensional subspace HCR® the measure oy,
which is defined on the factorspace R"/H by integrating ¢ over all hyperplanes
parallel to H, must have a non-vanishing discrete part.
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Remark. Theorem 2.2 is applicable in the more general case when the supremum
norm is replaced by L?-norm (1 =p< ) in the definition of the generalized modulus
of continuity; denote the object so obtained by wy ,(f, #). In fact it is easily seen
that if t€K(ZX), then

wr,p(f’ t) = Cw}.‘,p(f, Bt)’ feLp(Rn)’

with B=sup {u; (h, w)€supp #’'} and C=3; |1]lrq)-

Using Theorem 2.2 it is easy to strengthen the comparison theorems of H. S. Sha-
piro as indicated in the introduction. Let M(R") and J(Z) be the set of Fourier trans-
forms of elements of M(R") and J(Z) respectively, and let M,(R") be the ring of
germs at the origin of elements of M(R"). Denote by J,(2) the image of J(Z) under
the natural homomorphism M (R")—~M,(R").

Corollary 2.3. Assume that X satisfies (S) and (T) and that

2eJo(2).
Then t€K(X), hence

o (f, t) = Cos(f, Ct), t=0, fEC(RY,
for some C.

Proof. Take Y€C=(R") such that Y(&)=1 for [{[=¢ and Y(&)=0 for
|€|=2¢. The assumption 2€J,(Z) implies that Y2=2%,cJ(Z)cK(X) if ¢ is small
enough. But £—%,=1%; vanishes in a neighbourhood of the origin, and therefore
Theorem 2.2 implies 1;€ K(X). Hence t=14+1,€ K(2).

Shapiro gives in [14] also an estimate of w, in terms of w; without assuming
that {8; o€ X} divides £ at the origin but assuming only that £ is small at the origin.
The smallness property is expressed in terms of homogeneity of a certain degree close
to the origin. We shall give a strengthened estimate in this situation, but we prefer
to formulate the condition on 7 in terms of a certain Besov space. Following Peetre
[13] (see also [1], ch. 6) we take a function @€ L'(R") such that $€C=, the support
of ¢ is contained in 1/2<|¢|<2, and

o) =1 for 0<[{|<1
We shall assume that for some y=0 and some C
2.12) I#OOQ D pan = C27*, k=1,2,....

For 1€ M(R") (2.12) means precisely that t belongs to the Besov space BY_; see
[1], ch. 6.3. The set of 7€ M(R") satisfying (2.12) clearly forms an ideal. Of course
(2.12) is really a property only of the germ of % at the origin. Note that if (&) is
positive-homogeneous of degree y=>0 in some neighbourhood of the origin, then
(2.12) holds.
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Corollary 2.4. Assume that X satisfies (S) and (T) and that © satisfies (2.12)
Jfor some y=0. Then

(2.13) o f 1) = Ct’f:oa)x(t, wu=""ldu, >0, feC(R".

Since wy(f, t) is increasing, it is obvious that (2.6) implies (2.13) with possibly
a larger C. We note also that the right hand side of (2.13) can be estimated by

cr [ oy(f, wurtdut QA 0 <1<l

Proof of Corollary 2.4. Writing t=1,+1; as in the proof of Corollary 2.3 we
have 7,€K(Z) by the Theorem 2.2, so we need only estimate w, . We may assume
that £,(£)=0 for [£|>1. Then, for |¢]=0,

20(8) = (S0 0@ O 1(D) = 7L, ¢ () Ji2; 1 $(2*H1(O)
= 2o 27072 St 277 $(240).

Replace £ by #, take inverse Fourier transform of both members and form con-
volutions with f€ C(R". Using (2.2), (2.3) and (2.12) we easily get

@, (f, 1) = C 372 27w, (f, 20t).

Since w,, is increasing the last sum can be estimated by a constant times

f:o @, (f, ut)u=""1du.

Since $=0 in a neighbourhood of the origin we have w,(f, t)=Cws(f, Ct).
Using this fact and making a change of variable in the integral we obtain the result.
In some situations one wants the conclusion of Corollary 2.3 to be strengthened
to w,(f, 1)=Cwyz(f, t). The next theorem gives general conditions for this to be
possible.
We need the following local variant of the Tauberian condition:

(Tyo.) the family of functions {6(1&)}o<i<1,scx has no common zero on R™ {0}.

This condition means that the restriction of {4(¢); ¢€2} to an arbitrarily small
neighbourhood of the origin satisfies (T). The condition is of course satisfied by
Z={o}, if 8(¢) is different from zero in some pointed neighbourhood of the origin.

D There is an error in the formulation of Theorem 2 and Theorem 4 in [5]; in the expression
' T u Y, wu~ldu the integral should be taken from ¢ to infinity. The same remark applies
t (2
to formula (4.8) page 43 in [6].
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Corollary 2.5. Assume that ¥ satisfies (S), (T), (Ty,.) and that the ideal Jy(X)
has a finite set of generators. Then, for any B=0 there exists a constant Cy such that

(2.19) os(f, Bt) = Cyoy(f, t), t=0, fCC(R".

Proof. To simplify the notation we prove the corollary only in the case when
X consists of one element ¢. Take YyeC=(R") such that y(&)=1 for [E]<1/2,
V(=0 for |£]|=1, letJ be a (small) positive number to be chosen later, and define
the measures o;, i=0,1,2, by

8(8) = 6 (Y (/D) +8((1—¥(60)
+6 QW @D~ (£/9)) = 85(&) +81(D)+62(D).

It will be enough to prove
(2.15) w,(f, Bt) = Cyw,(f, 1), t>=0, feC(R",

for i=0,1,2. Let 6(b;), j=1,..., N, b;>0, be a set of generators for Jy(0). Tt
is obviously possible to choose all b;=1. Then, for an arbitrary B=0, there exists
=0 and h;€ M(R") such that

(2.16) 6(BE) = 3V hy (O350, for & <.

Multiplying this identity by (¢/8) we see that (2.15) holds for i=0.
Let © be the measure defined by 2(¢)=1—y (). Then w,(f, 1)=Cw,(f, Ct)
by Theorem 2.2, hence

Wryye, > 1) = Cao, (, 1)

Now %q,c)(§)=1 for [{|=C, hence if 6<1/2C we have & =6,%27,c), which
gives (2.15) for i=1.

The measure 6,, finally, satisfies 6,(¢)=0 outside the set §/2<|&|<1/d, hence
6,(BE)=0 outside the set K={¢; Bd/2<|¢é|<B/é}. The condition (T, implies
that the family of functions {6(¢£)}q<,<; has no common zero on the set K. Using
Wiener—Levy’s theorem and a partition of unity it is then easy to prove that &,(B¢)
has a representation of the form (2.16) in all of R" with b;=1. This shows that
(2.15) holds for i=2. The proof is complete.

Combining Corollaries 2.3 and 2.5 we get for instance the following result.
Assume that X satisfies (S), (T) and (Ty,.) and that 2¢J,(2). Then o.(f, )=
Caoy(f,t) for some C.

The assumptions of Corollary 2.5 are usually very easy to verify for specific
choices of Z. For instance, if ¢€ M(R) and 6 is real analytic in some neighbourhood
of the origin — this is of course the case if ¢ has compact support — then &(&)
has a zero at the origin of some definite order, say k, and then J,(o) is generated
by the single function (more precisely the germ) &*. More generally, assume that
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o€ M(R") and that & is real analytic in a neighbourhood of the origin. Since the
ring O, of real analytic germs in n variables is Noetherian, the ideal generated in O,
by all the germs 6(z£), t=0, must be finitely generated. Using this fact it is immedi-
ately seen that J,(o) is finitely generated.

The assumption that J,(o) is finitely generated cannot be omitted from Corol-
lary 2.5. To see this take o€ M(R) suchthat 6¢C=, §(&)=exp (—1//¢]) for 0<|é|<
1/2 and 6(&)=1 for |¢|>1. Then 6=4§,+0,, where &, is infinitely differentiable
and has compact support, hence ;€ L*(R"). Thus all hypotheses of Corollary 2.5
are satisfied except the assumption that J,(s) be finitely generated. On the other
hand, it follows from the proof of Theorem 2.1 (see (2.17) below) that the estimate

@, (f, 2t) = 0,,,(f, 1) = Ca,(f, 1)

cannot hold, since & ,,(£)/6(£)=6(28)/6(£) is unbounded near the origin.

We finally consider the question of finding useful necessary conditions for
the estimate (1.1). First of all it follows immediately from Theorem 2.1 that (1.1)
implies
(2.17) [t = G, sup 67 )], LeR.

<u=B
1=j=J

In fact it is easily seen from the proof of Theorem 2.1 that (2.17) must hold with
the same B as in (1.1). The fact that (1.1) implies (2.17) was proved in [7] (Theorem 2)
with different methods. The result in [7], however, is somewhat stronger, the constant
C being allowed to depend on f in the hypothesis.

Next we shall prove that if the Fourier transforms &, g€Z, are assumed to
have some regularity property at the origin, then t€K(Z) implies %2€J,(X). This
will give us a partial converse of Corollary 2.3. Assume first that each 4/ is locally
homogeneous of some positive degree, say g;. Then for small £ we have 6{,,, »©)=
u% 67 (&)™, Thus (2.5) gives for small &

8O = 2], 6@ [ uue &P 4 (h, u).

This shows that K(Z) is locally generated (as an M(R"-ideal) by &%, ..., 6’. Or,
stated in another way, K(Z) and J(X) have the same image in M,(R") under the
mapping M(R")—~My(R"). The same conclusion holds of course under the more
general assumption that J,(2) is generated by a finite number of homogeneous
functions. Combining this fact with Corollary 2.3 we get the following result.

Corollary 2.6. Assume that X satisfies (S) and (T) and that J,(2) is generated
by a finite number of elements that are positive-homogeneous functions of some posi-
tive degree. Then

CO);/(f, t) = Cwl(fs Ct)
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if and only if Jo(2)CJy(Z). Assume in addition that X satisfies (Ty,). Then

. . o5 (f, 1) = Cos(f, 1)
if and only if Jo(Z')TJo(Z).

Let us call the two moduli of continuity w, and w, equivalent, if w,(f, t)=
Co.(f, Ct) and vice versa.
We wish to point out that the two statements

w,(f,t)=Ct" for some C,

i=1, 2, may be equivalent even if the w, , i=1,2, are inequivalent. For instance,
this situation occurs if ;¢ M(R) and &i(é) vanishes at £=0 precisely of the order
Bi, where y<p;<p,.

For verification that the hypotheses of Corollary 2.6 are fulfilled the following
fact is often useful.

Proposition 2.7. If &(8) is real analytic in some neighbourhood of the origin,
then Jy(0) is generated by a finite number of homogeneous polynomials.

Proof. This statement can be proved with wellknown methods, so we will only
briefly scetch the proof. Let O, be the ring of power series in n variables that are
convergent in some neighbourhood of the origin, and let .# be the unique maximal
ideal in O,. The essential point in the proof is Krull’s theorem (Corollary 1 of Theo-
rem 12, ch. IV in [23]), which implies the following: if L is an idealin O, and v€ L+ .#*
for every k, then v€L. Let f€O, and let G, be the ideal in O, generated by all
the dilates of f. We will prove that G, is generated by a finite number of homogene-
ous polynomials; the assertion easily follows from this. Let f=2_ ¢,, where
g is homogeneous of degree m. Since O, is Noetherian, G, is generated by a finite
number of the dilates

(2.18) J@) = 20 11" qn(t).

Forming suitable linear combinations we find that ¢,€G,+.#* for every m and
k, hence g,€G,; by Krull’s theorem. On the other hand, it is obvious from (2.18)
that G, is generated modulo M* by ¢y, ...,q. Since the polynomial ring P is
Noetherian, the sequence of ideals L,=(q,, ..., ¢,) in P is finite, i.e. Ly=Ly,;=...
for some N. Krull’s theorem therefore implies that G, is generated by g, ..., gx-
This completes the proof.
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3. An estimate for the average of trigonometrical sums

We shall consider trigonometrical sums of the form

3.1 p&) =3 ciexp(i(a;, &), CeR,

where a; are arbitrary points of R", ¢; are complex numbers, and 77, |¢;|< <.
Set for wES" 1={¢cR"; |¢]=1} and T=0

Fi(o,T)= Z—ITf_TT Ip(wt)|dt.

The main purpose of this section is to prove the following lemma.

Lemma 3.1. Assume that for no w€ S the function R>t-p(tw) is identically
zero. Then there exists number o=0 such that

F(wTY=za wesS*™!, T=1.

In the case n=1 the situation is quite simple. In this case there exists a num-
ber L such that the mean of |p(&)| over any interval of length at least L is greater
than some positive number «. This follows easily from the fact that p(&) is almost
periodic in the sense of Bohr. On the other hand, let

p(&) = p(&y, &) = ete =2 cos ;.

Then p(&)=0 on the line &, =n/2, and it is easily seen that there are arbitrarily
large intervals I lying on some ray through the origin such that the mean of |p(&)|
over [ is arbitrarily small. Note also that the period of ¢—p(wt) becomes unbounded
as o tends to (0, 1).

Proof of Lemma 3.1. We will prove that the function F, defined by

¢2) Fy@,T) =5 [ Ip@@n)pds

is bounded away from zero for large T. This obviously implies the assertion of the
lemma, since p(&) is bounded. We first find a convenient expression for F,(w, T).
The function g(&)=|p(&)|? can be written

& = .2': 1 d, exp (i(bka f»

where b0 forall k, 37 |di|<oe and dy=2; [c;>=0, since p(£)#0. Integra-
ting the expression for g(¢) we get

Fy(o, T)= d0+2k 1dkK(T<bk7 w>)’
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where K(t)=(sin t)/t. Hence, for each fixed w
3-3) '}1—{1 Fy(0, T) = do+ e yay %

where
I(w) = {k; (b, w) =0}.

The proof of the lemma will be carried out by induction over n. If n=1 the
sum in the right member of (3.3) disappears, so that lim,__ Fy(w, T)=d,=0,
which implies the assertion for this case. Assume next that #=2 and that the asser-
tion of the lemma is proved for trigonometric sums of the form (3.1) defined in R*™%
Choose N so large that 2> .y |di|<d,/4, and set

E={é€R"; (b, &) =0 for some k, | =k = N}.
Denote by d(w, E) the Euclidean distance from w to E. If we set f=
min {|b,|; 1=k=N}, we have
Kbk’ CO>| = [bkl lwi ICOS (blw (,O)l = ﬁd(w’ E)a

weS™ Y, k=1,..,N.
Choose A4 so that
(K@) Z¥_,ldil < do/4 for [t} > A.

Assume that o€ S"\E and that T>A/(Bd(w, E)). Then

| S, di K(T by, w))| < da/4.
Hence,
dy dy _d

(3.4 Fy@ Tz d——L =22, if T> 4/(pd(o, E)).

Next we consider w€E. E is a finite union of hyperplanes in R". If we con-
sider the restriction of p(£) to each of those hyperplanes and use the induction
assumption, we conclude that there exists oy=0 such that

(3.5 Fo(o,T) =0y, wES"'AE, T=>1.

Finally we will consider e in a small neighbourhood of E. Since g(¢) is uniformly
continuous we can choose §=0 such that

[g(@wo1)—qlt)]| < ay/2
whenever o, ,€ S"™! and |[(w—wy)t|<6. Hence

(3.6) [Fowy, TY— Fy(w, T)| < 02, if |o—we|T < 4.
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It follows from (3.5) and (3.6) that

3.7 Fy(,T) = )2 if 1<T<§/(2d(w, E)).

For arbitrary B=1 we have F,(w, BT)=(1/B) F,(w, T). Hence we get from (3.7)

(3.8) Fy(w,T) = 2y/2B) if 1<T < éB/(2d(w, E)).

If we choose B so large that 6B/2=>A4/8, we may combine (3.4) and (3.8) to obtain
Fy(w, T) = min (d,/2, /(2B)) if T=> 1.

Thus the proof is complete.

Corollary 3.2. Under the assumptions of the lemma lim,_  Fi(T, w) is bounded
away from zero for o€ S™™, i.e. the expression in the right member of (3.3) is bounded
away from zero.

Note that the last statement is an immediate consequence of (3.3) if p(§) is a
trigonometric polynomial, i.e. the sum (3.1) is finite.

Actually we shall need below an estimate for the mean of |p(£)| on a more
general set of line segments. If p(&) is a trigonometrical sum of the form (3.1) and
A=1 we set

Gu© = [1Ipnldr, zeR"

Lemma 3.3. Assume that for no w€S"™' the function t—p(tw) is identically
zero. Then, as Ao G (&) tends to infinity uniformly for |£|=1, hence in particular

there exists an A such that
G, =1 for g =1

Proof. Applying Lemma 3.1 to the function r(&)=p(&)p(—&) we obtain, if
sup |p(O)|=C,

1 pr
O<a=sm [ Ip()p(—tw)ldr
C o1 C o C pr
=57, bt dt+5= [ Ip(~1o) dt == [ p(w)idz.
Hence, if |¢|=1 and T=>1,

Ga® = A [ |ptae/ D] di—z [ ¥ [pCe2/ED] e = A@IC)—C.

Taking A sufficiently large we obtain the desired result.
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4. Wiener algebras of measures

For the proof of Theorem 2.2 we need to know that a certain closed subalgebra
B of M(R" has the following property: every o¢€B, whose Fourier transform is
bounded away from zero is invertible as an element of B. The well-known example
of Wiener and Pitt [22] shows that the full algebra M(R") does not have this property
(see [10), § 32). However, here we will consider a somewhat stronger property, which
is more natural from ring-theoretic point of view. Denote by (¢, ..., 6,) the ideal
in B generated by gy, ..., 6,. We will always assume that B is a closed subalgebra
of M(R") with unit. We shall say that B is a Wiener algebra, if the following condi-
tion is satisfied

@.1) if 0;€B, j=1,...,r, and Z’;=1[&j(é)[§s>0 for all (€ R, then (64, ...,0,)=B.

If ¥ is an affine subspace of R* we denote by L;, the set of elements of M(R")
which are supported by V and are absolutely continuous with respect to the surface
measure on V. Let 4,=A4,(R") be the set of all finite sums of elements of any of
the sets L, VCR(0=dim(V)=n), and let 4=4(R") be the smallest closed
algebra containing 4,. Note that A4, is a (non-closed) subalgebra of 4.

The result which we need can be formulated as follows.

Theorem 4.1. (Varopoulos [21]). A is a Wiener algebra.

Varopoulos proves in fact a result about general locally compact groups, which
contains Theorem 4.1 as a special case. An extension of Theorem 4.1in a different
direction was obtained by Bjork [2], who proved that if A,, is the set of all finite
sums of absolutely continuous measures with respect to surface measures on arbitrary
real analytic manifolds, then the closed algebra A4,, is a Wiener algebra.

Since Varopoulos’ paper is not very easy to read, we have included a proof of
Theorem 4.1 here.

Let us recall some basic notions from the theory of Banach algebras. We denote
the maximal ideal space of a Banach algebra B by .#5. The elements of .#; may
be considered as multiplicative linear forms on B. Considering .4, as a subset of
B*, the dual space of B, we may provide .4 with the topology induced by the weak-
star topology on B*, If B is a subalgebra of M(R") there is a natural mapping
n: R'—> My induced by the Fourier transform: for &€R", =(&) is the linear form
n—>f1(&).

We shall use the well known fact that B is a Wiener algebra if and only if #(R")
is dense in .#g. For the proof one observes that (4.1) can be formulated

o€B, 2,16, Ol=e=0= 37 l1(c;)|>0 forevery A€Mp.
We refer the reader to [10] for details.
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Let B be any closed subalgebra of M(R") containing L'(R"). Then the follow-
ing holds:

(4.2) if y€My does not annihilate L (R"), then there exists @€R" such that y(p)=
{0 for all p€B.

To prove the statement consider first the restriction y, of y to L'(R"). By a well-
known theorem y,(f)=£(0), fc L:(R"), for some O€R". Nextlet ucB and choose
fELX(R") such that f(6)s0. Then, since g=p*fEL1(R") we have both y(g)=
£O)=00)f(©0) and y(g)=y(w)f(0), which proves the statement.

Finally we shall need the following lemma.

Lemma 4.2. Let a;,€R", j=1,...,s be linearly independent over the set Q of
rational numbers. Then the set of all y€R", such that the numbers

map, j=1,..,s5,
are linearly independent over Q, forms a dense subset of R".

Proof. For each non-zero g=(q,, ..., )€ Q" let F, be the set of all ncR"
which are orthogonal to 37_, g;a;. Since the latter vector is different from zero
by the assumption, F, must be a hyperplane. Since Q° is denumerable, the set

F=uU{F,; qgcO*\0}
has no interior point by the Baire category theorem. But the set of # mentioned
in the lemma is equal to the complement of F, hence the proof is complete.

Proof of Theorem 4.1. It is enough to prove that n(R") is dense in .#,. Let
y be an arbitrary element of #,, let u,, ..., u,€A, and let ¢=>0. Our task is to
find £€R" such that

(4.3) u)—p;(&) <e j=1,...,r

We may assume that all u;€A4,. It is even enough to prove (4.3) for arbitrary &=0
and arbitrary u; of the form
/"j :fj*éaj’

where f;€ Ly, K ; some linear subspace of R", and a;€R".

Let P, be the set of all subspaces KCR" such that y does not annihilate all
of L}. We claim that P, contains a largest element. In fact, let HcP,, i=1,2,
and let viEL},i, y()#0. Then v=v;*v€Ly ,p, and y(v)#0. Hence P, is
closed under the operation of forming linear hull of subspaces. To construct the
largest element of P, we need now only take any element of P, with largest dimension.

Denote by H the largest element of P,. Assume that K;cH for j=1,...,s
and K;¢ H for s<j=r. Then by (4.2) there exists 6¢R" such that

y(uy) =f;0)y@,) for 1=j=s,
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Furthermore y(u;)=0 for j=s by the choice of H. Set {=0+n where n is a
vector orthogonal to H, which will be chosen later. Then fj(0+n) =fj(0) for j=s,
hence

2,8) =F(0)y exp(—i(B+m,a), j=s.

Hence it is enough to find # such that

(4.4) y(0a)—exp(—i(@+m,a) <& j=s,
and

4.5) 1/;0+n)] <& j>s.
Multiplying (4.4) by exp (i{0, a;)) we get

(4.6) 7200y —exp (—in, a )| <&,

where y,(J,) is defined by
71(0.) = €®9y(S,), acR™

But y,(6,)=1 for all ac H by (4.2) and the choice of H. Hence the expression
on the left hand side of (4.6) depends only on the residue class @; of a; in R"/H.

Since both a—-y(5,) and a--exp (—i{y, a)) are group homomorphisms from
R"/H into the circle, it is easy to see that it is enough to prove (4.6) for arbitrary
¢>0 and for arbitrary g; such that @;, j=1, ..., s are linearly independent over Q.
Next we note that, by an obvious modification of Lemma 4.2, the set E of all »¢ H
(=orthogonal complement of H) such that {(n, a;), j=1, ..., s, are linearly inde-
pendent over Q forms a dense subset of HL. (Note that the canonical isomorphism
between R" and its dual identifies H+ with the dual of R"/H.) Hence we may choose
o€ H- nE such that

4K, s<j=r.

Indeed, since K;¢H for j=>s, we have Kj D H*, ie. H'nK; is a proper
subspace of H* for each such j. Set (5., a;)=a;, j<s, and let c¢; be arbitrary com-
plex numbers such that [¢;j=1. Since the a; are linearly independent over Q, it
is well known that we can choose t€ R such that

lc;—e ™ <¢g, j=s

(cf. [11], p. 60). There exists in fact arbitrarily large ¢ with this property. Taking
cj=y1(5aj) and n=tn, we obtain (4.6). Morcover, since #,¢ K;-, j>s, we have

lim fi0+m)=0, j=>s.

Hence (4.5) is satisfied if ¢ is sufficiently large. This completes the proof of Theo-
rem 4.1.
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5. Proof of Theorem 2.2.

In this section we complete the proof of Theorem 2.2 using the results of Sec-
tions 3 and 4.

Assume that X satisfies (S) and (T). Since X(X) is an ideal and K(ZX) is invariant
under dilation, it is enough to prove that K(2) contains a measure n such that #(£)=1
outside some compact set. It is even enough to prove that K(Z) contains an element
which is invertible outside some compact set.

Assume first that all the elements of X are discrete measures and that n=2.
By (T) K(2) must contain a discrete measure ¢ such that 8(£)=0 and

(5.1) {6(u&); u > 0} has no common zero on R™ {0};

we may for instance take 6({)=_2; &j(é)_é?(?). Define ¢ by
(5.2 0@ = [, 6 du.

Clearly ¢€K(X). By Lemma 3.3 ¢(¢) is bounded away from zero outside some
compact set if B is large enough. Moreover, we claim that ¢ belongs to the algebra
A considered in Section 4. To see this it is enough to consider the case when ¢ is a
Dirac measure J, for some a€R". But in this case ¢€L; where V is the line
{ta; tc¢ R}, which proves the assertion. By Theorem 4.1 4 is a Wiener algebra. Thus
0(&) is invertible outside a compact set. This completes the proof of Theorem 2.2
in the case when all the elements of X are discrete.

Next we consider the case when X is arbitrary satisfying (S) and (T) and n=2.
Then K(X) must contain a measure of the form o¢=g,+0;, where o,€L(R"),
8,=0 and g, satisfies (5.1). For instance the measure ¢ defined by

(5.3) 6= 3,617 = 3 (6}+61)(84+36))

is easily seen to have these properties. Again defining ¢ by (5.2) and choosing B
large we get p=0,+ 8, where p, is invertible outside a compact set and g,€ L*(R").
Hence ¢ is also invertible outside a compact set.

Finally we consider the case n=1; in this case we have no structural assump-
tion (S). Again we write ¢’ =0} + ¢}, where o} is the discrete part of ¢/, and define ¢
by (5.3). The only problem is that ¢ and o, may not belong to L1(R). But (T) is
easily seen to imply that o=cd,+4, where c¢=0 and A is free from mass at the
origin. This in turn implies that g, defined by (5.2), will have the form ¢=5bd,+ ¢;,
where 57#0 and ¢,€ L'(R). This completes the proof.



90 Jan Boman

6. Applications to moduli of continuity of higher order

The r® order modulus of continuity w,(f, #) may be defined as follows. For
ZER™N {0}, let 4, be the measure 6,—8,, and for r positive integer set AT=A,%...
* A, (r factors). Then set for fc C(R")

o, (f, 1) = sup {|l 4L +fI|; z€R", |z] =1}, t>0.

The following properties of w,(f, ¢) are well-known. For any B there exists a con-
stant Cy such that

(6.1) o,(f, Bt) = Cyw,(f, t), t=>0.
Moreover, if r<s
(6.2) w,(f, 1) = Ct" (f:u"’lws(f, wdu+|fl), 0<t<l.

The constants are independent of £, but depend on r and n. For r=s there is the
trivial estimate w,(f, 1)=2""*w,(f, t). The inequalities (6.1} and (6.2) for n=>1
are immediate consequences of the same inequalities for n=1. For the latter case
proofs are given in [19], Section 3.3.2. It may be noted that for n=1 (6.1) is a special
case of Corollary 2.5, and (6.2) is a special case of Corollary 2.4.

We will now consider some alternative definitions of w,(f, ¢). Let A; be the
difference measure with respect to the j™ variable, i.e. 4 .i=5ej_50’ where ey, ..., e,
is the natural basis in R", and set A*=A4% % ... % A% for any multiindex a=(a, ..., ).
For any positive integer r set

2. ={4% o) =1}
Then X, is a finite subset of M(R") and we may consider the generalized modulus of
continuity oy (f, t).

Theorem 6.1. The moduli of continuity w, and ws are equivalent in the sense that
63) Clo,(f, 1) = ws,(f, 1) = Co,(f, 1), 10,

Jor some constant C, depending only on r and n.

Before we prove this theorem we shall consider still another way of defining
,(f, t). This time we want to use a finite number of directional derivatives of order

r. Let E be a finite subset of the unit sphere S" ' R" and set I',(E)={4.; z€E}.
We shall prove the following statement.

Theorem 6.2. The moduli of continuity ©, and wy () are equivalent in the
sense that

(6.4) Clo(f, 1) = org(f, ) = Co(f, 1), >0,
if and only if the set of homogeneous polynomials in &, ..., &,

6.5) {{z, &)"; zE€E} spans the vector space of all homogeneous polynomials of degree r.
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Proof of Theorem 6.1. Let us first compare wr (z, and oy . It is easily seen
that X, satisfies the condition (T) of Section 2, and that I',(E) satisfies the same
condition if and only if
(6.6) E spans R" as a vector space.

It is also clear that J,(Z,) and J,(I',(E)) are generated by a finite number of homogene-
ous elements. Hence Corollary 2.6 implies that

(6.7 C oy (f,t) = org(fi t) = Coy, (f, 1)
if and only if
68) Jy(E) =TT (E)).

The set of monomials {£%; |¢|=r} forms a set of generators for Jo(Z,), and simi-
larly {(z, &)"; z€E} forms a set of generators for Jo(I',(E)) (cf. (6.9) and (6.10)
below). Thus it is obvious that (6.5) implies (6.8). Conversely, if (6.8) holds, then
for any z€E there exists 4,6 My(R") such that (z, &= 2\ay=r €A, (8). Since h,
are continuous this implies (z, &)"= 2 &*h,(0), i.e. (6.5) holds.

To prove the second inequality in (6.3) we now choose any finite set E such
that (6.7) holds and then observe that the second inequality of (6.4) is trivial. To
study the first inequality we take an arbitrary z¢ S"~! and set t=47; we need to

prove that
wt(f’ t) = 'sz,(ﬁ t)

for some C independent of z. Partition 1 in the usual fashion 2=1%,+%; where £,==0
for [£|=>1 and £,=1 for |[£]<1/2. By Corollary 2.6 (or Corollary 2.3 combined
with Corollary 2.5 if you prefer) we have o, (f, H= Cos ( f,t). To verify that C
may be chosen independent of z we choose u such that =0 near the origin and
=1 for [{|>1, estimate w, in terms of wy and observe that %,=%, 4. It remains

to estimate w, , where

%) =YX &) =Y @ =0 -1y

and y is infinitely differentiable and vanishes for [&|=1. It will be enough to
show that

(6.9) 20(8) = 32, 8(O) B,

for some measures g, whose norms are bounded with respect to z€ S"~'. That
this is possible is rather obvious for continuity and compactness reasons, but we
prefer to give an explicit estimate as follows. First observe that we can easily con-
struct measures 7, such that |z,|,=C and

(6.10) (2, &) = 3o, Fa (D"

In fact we can take #,(&) as constant functions. Finally, to pass from (6.10) to (6.9)
we observe that the function A(v)=(exp (—iv)—1)/v is infinitely differentiable on
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R and h(v)#0 for [v|=1, hence W (E)E%/A%(¢) is infinitely differentiable, and
similarly

20(Oz & =¥ (Oh(z )

is infinitely differentiable and has bound M(R")-norm. This completes the proof
of Theorem 6.1.

Proof of Theorem 6.2. We have already seen that (6.5) is a necessary and suffi-
cient condition for (6.8). Hence the assertion follows from Theorem 6.1 together
with Corollary 2.6.

As a natural generalization of the higher order moduli of continuity w, one may
consider w,, where ¢ is an arbitrary finite sum

6.11) 0= 21 %0,

wER, beR", 3 a,=0. Using the reformulation of the condition (T) given after
Theorem 2.2 it is easy to check whether a given ¢ satisfies (T). To describe Jy(0) write
6=2"",4;, where g; is homogeneous of degree j. By the proof of Proposition 2.7
Jo(0) is generated by ¢, ..., gy for some N. Let us give one example of the appli-
cations of Corollary 2.6 to this situation. We claim that if ¢ is an arbitrary measure
of the form (6.11) satisfying (T), then

o, (f, 1) = Ca,(f, 1)

for r sufficiently large. To prove this we need only check that Jy(Z,)cJy(a). It is
enough to prove the corresponding inclusion between ideals in the ring P of poly-
nomials. Let I, be the ideal in P generated by ¢y, ¢», ... , and let L be the ideal of
all polynomials vanishing at the origin. We have to prove that L'cI, if r is large
enough. But this follows from Hilbert’s Nullstellensatz, because the assumption (T)
means that the ideal 7, has no common zero other than the origin.

If n=1 we can easily analyze a more general situation than the preceding
one. Let ¢ be an arbitrary element of M (R) with compact support and non-vanishing
discrete part. Then ¢ is real analytic, so that J,(¢) must be generated by &, where
r is the order of the zero of §(¢) at é=0, hence w, is equivalent to w,.

We will now consider LP-moduli of continuity of higher order. Define for
JELP(RY) (1=p=<<)

wr,p(fa t) = sup {nA;*fana lzl = l}

We wish to compare w,, , with the generalized moduli of continuity w;  , and wr, ), ,-
We note first that Theorem 6.1 is valid for 1=p-<oc as well. This is an immediate
consequence of the remark after Theorem 2.2 and the arguments in the proof of
Theorem 6.1. However, concerning r (g, , the situation changes radically as we
turn to the case p<oo. In fact we have the following theorem



Equivalence of generalized moduli of continuity 93

Theorem 6.3. Assume 1<p<oco. Then w, , and @r (g , are equivalent in the
sense that

(6.12) Clw, (f, 1) = wr,g(f, 1) = Co,,,(f, 1)
if and only if E spans R" as a vector space.

Proof. The necessity of the condition is obvious. The second inequality is
trivial (for any E). To consider the first inequality assume E spans R". Working as
in the proof of Theorem 6.1 we define 1, 7,, and 7, and estimate @, , using Corol-
lary 2.6 and the remark after Theorem 2.2 (this remark applies of course also to
Corollary 2.5). 1t remains to estimate w, ,. In doing this we may assume that
E={4,, ..., 4,}). Let m,(R") denote the set of multipliers on L?(R"). It is enough
to prove that there exist functions h;¢m,(R") such that

(8 = 2L, k(A1 Q).

Reasoning as in the proof of Theorem 6.1 we see that it is sufficient to find ;€ m,(R")
such that

(6.13) (z, &) =2, h(®)¢.

Let us choose

hi(©) =z, &) &/ 20, &

Then (6.13) holds. To see that A;cm, (R") for l1<p<e we observe that h; are
infinitely differentiable outside the origin and positive-homogeneous of degree zero
(see e.g. Theorem 6.1.6 in [1]). Noting that the m,(R")-norm of & can be estimated

in terms of
sup {[D*h()|; |&l =1, |a| = n+1}

we conclude that in fact C can be taken independent of z for |z]=1. This com-
pletes the proof.

7. Applications to degree of approximation

In this section we study the approximation process f—p . *f where u is a
kernel in M(R") with integral equal to 1. We want to compare the order of mag-
nitude of || f—p*f] as £—~0 with that of the moduli of continuity w,(f, ?).

We first formulate a so-called direct theorem.

Theorem 7.1. Let p€LY(R"), [du=1, and let r be a positive integer. Then
the estimate

(71) ”)u(t) a.ef_f” = er(f’ t)s t = 05 fEC(Rn),
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holds if and only if
(7.2) 1—pedy(Z,).

A

Furthermore, if 1—j satisfies (2.12) for some real y, O<y<r, then

3w fI=C0 [TuT o (fuydu, 1> 0, JECR).

Proof. The direct part of the first statement follows from Corollary 2.3, the
second statement from Corollary 2.4. The converse part of the first statement
follows from Corollary 2.6. Note that J,(Z,) is generated by the set of homogene-
ous polynomials {&%; |a|=r}.

The condition (7.2) is usually very easy to verify in specific cases. If gis (r—1)-
times continuously differentiable near the origin, then it is obviously necessary for
the validity of (7.2) that all derivatives of 1—j of order =r—1 vanish at the origin.
If 2 is s-times continuously differentiable, where s=>r-+(n/2), then this condition
is also sufficient.

In formulating the inverse theorem it is convenient to introduce the “modulus
of approximation™ E,(f, t) for k¢L*(R") and f k(x)dx=1

Ek(fa t) = wéo—k(fa t)
= sup {l ke *f—fll; 0<u <1}, £=0.

Theorem 7.2, Let ke L'(R"), f kdx=1, and let r be a positive integer. Then
there exists a constant C, such that

(1.4 w(fy=crf t°° u= " E (f,u)du, t=0, fcC(R.
Moreover, if
7.5) jo(zr) - jo(éo—k),

i.e. if the ideal in My(R") which is generated by the set of functions {1—k(t&)}>o
contains all homogeneous polynomials of degree r, then

(7.6) o,(f,t) = CEJ(f, 1), t=0, fcC(R".

Proof. Let X={8,—k} and let © be any of the measures A*cZX,, |a|=r. The
measure J,—k obviously satisfies (S) and (T), and 4% satisfies (2.12) with y=r.
Thus we obtain (7.4) from Corollary 2.4. Similarly, the second statement of the
theorem follows from Corollary 2.3 together with (6.1).

Remark. If J,(5,—k) is generated by a finite number of positive-homogene-
ous functions, then Corollary 2.6 shows that (7.5) is in fact also necessary for the
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validity of (7.6). We can also state, without any extra condition on k, that

sup [1—k@e))/|elr
0<u=<1
must be bounded in some neighbourhood of the origin if (7.6) holds (cf. (2.17)).
We wish to point out that it is much easier to prove Theorems 7.1 and 7.2
directly than to prove the more general Theorem 2.2. This is so because the hardest
part of Theorem 2.2 is the inversion outside a compact set of a measure g of the
form (5.2) under the conditions given in Theorem 2.2. And this step is quite easy
if Z=Z, or Z={6,—k}.
In most applications the ideal J,(d,— ) is easy to describe. In fact, assume that

(1.7 £(€) = 1+ g h(®)

near the origin, where ¢(¢) is a positive-homogeneous function in M,(R") and
he My (R"), h(0)»0. Then J,(8,—u) is generated by the single element g. The fol-
lowing lemma is often useful.

Lemma 7.3. Assume that the measure p€ M(R") is positive, radial (i.e. depend-
ing only on |x|), that { du=1, p=#38,, and that [ |x|*P*3dy<ce. Then the ideal
Jo(8y—1) is generated by the single element |E|2.

Proof. The last assumption implies that jc C"3+2 (here C* denotes the set
of k-times continuously differentiable functions). For symmetry reasons all first
derivatives of g2 vanish at the origin. The same is true of all mixed second order
derivatives. Positivity together with us=g, implies 924(0)/0¢7=— [ x}du<0, and
by symmetry this quantity is independent of j. This shows that 2 near the origin
has the form

A = 1—aEP(1+r(),

where a=>0 and r(0)=0. Since AcC™+3 we have re C™#+1 This is known
to imply that r(¢) belongs locally to L*(R™. Thus we have shown that fi satisfies
(7.7 with g(&)=|¢&|?, which implies the statement of the lemma.

Several kernels considered in the literature satisfy the conditions of the lemma.
Let us mention for instance the kernels (appropriate normalizing constants are
denoted by ¢,) c,exp (—Ix[?, ¢,exp (—|x|), the mean value kernels ¢,yz. and
CaXsn-1 (here yp. and yg..1 denote the characteristic functions of the unit ball and
the unit sphere, respectively).

Let k be any kernel in L'(R") satisfying the conditions of Lemma 7.3. Then
first of all Jy(d,—k)=J,(Z,) if the dimension n=1, and J,(6,—k)cJ,(Z,) for
any n. On the other hand, the converse inclusion is not valid if n>1, since for
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instance the function &, &, is contained in J,(Z,) but not in the ideal generated by
|€]%. Thus for instance

(7.8) oy (f, 1) = CE(f, 1)

holds for n=1, but due to the remark following Theorem 7.2 this estimate does
not hold for n=1. Finally we note that the inclusion

j0(23) - jo(ao_k)

holds for arbitrary n, since p(£)/|¢1* belongs to My(R") for any homogeneous
polynomial p in n variables of degree 3.

The assumptions of Lemma 7.3 also imply saturation of order 2 and a charac-
terization of the saturation class (see [4]).

The Cauchy—Poisson kernel in # dimensions is defined by

(7.9) k(x) = c,/(1+x1*"2,

where ¢, is chosen so that the integral of k is 1. This kernel does not satisfy the last
assumption of Lemma 7.3. Its Fourier transform is k(&) =exp (—|¢]), so that the
ideal Jy(8,—k) is generated by the function |¢|. Hence none of the ideals J,(5,—k)
and Jy(Z,) contains the other, and therefore none of E,(f, t) and w(f, t) dominates
the other. However, since J,(Z,)cJ,(8,—k) we have

wz(f’ t) = CEk(f’ t)

and hence (or by Theorem 7.2) (7.4) holds with r=1. Also, by Theorem 7.1 we
have (7.3) for y=1 and any r. On the other hand, considering L?-norms, 1 <p-<ee,
instead of supremum norms we get a different situation. In fact we have for 1<p<-eo
with obvious notation and k(x) defined by (7.9)

Cro,(f, ) = B, ,(f, 1) = Co,(f, 1), >0, feLP(R").

The reason for this is that the ideal in the ring of germs at the origin of elements of
m,(R") generated by |&| coincides with the ideal generated by &;, j=1,2,...,n
(cf. the proof of Theorem 6.3).

Numerous estimates closely related to those of Theorems 7.1 and 7.2 have
been given in the literature for specific kernels and sometimes for various classes of
kernels. In one dimension results of this kind can be found for instance in the book
by Butzer and Nessel [9], where many references to earlier literature are given. As
an example of a text treating the several variable case we mention Nikol’skii’s
book [12].

Sharp results on trigonometric approximation of periodic functions are also
easy to deduce from our general theorems. Denote by C*(R") the set of continuous
functions on R", 2r-periodic in each variable. Let T, be the set of trigonometric
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polynomials in n variables of total degree =m, and set
E*(f,m) = inf {|f—pll; pET.}.
Then we have the following well-known result (see e.g. [19]).

Theorem 7.4. (Jackson’s theorem.) There exists a constant C depending only on
r and the dimension n, such that

(7.10) E*(f,m) = Co,(f, 1/m), m=1,2,..., fEC*(R".

A strong inverse theorem for trigonometric approximation is Ste¢kin’s theo-
rem [17]. A several variable version of Ste¢kin’s theorem is given in Timan’s book.
This result can be formulated as follows.

Theorem 7.5. There exists a constant C depending only on r and the dimension,
such that

o, (f,1/m)=C

= ST BN ), fECTRY, m=1,2, ...

Proof of Theorems 7.4 and 7.5. Let K, be the cube in R" consisting of all points
¢ such that |&|+...+|¢,|=a. Take a function Yy€IL*(R") such that YcC=, y=1
in Ky, and §=0 outside K, and set A=38,—. We claim that w,(f, 1/m) has the
same order of magnitude as E*(f, m); more exactly

(7.11) Clw,(f, 12m) = E*X(f,m) = w,(f,1/m), m=1,2,..., feC*(R",

for some C. To prove this note first that the function p,=f*V ,, is 2zn-periodic
in each variable and that the Fourier transform in the sense of the theory of distribu-
tions of p,, satisfies p’,,,:flﬁ(l/m), hence p,,=0 in the complement of K, since
¥ am (©=1(&/m) vanishes in that set. This shows that p,€T,,. Since f*Aqm=
f—pn the second part of (7.11) now follows. Let pc T, and set g,=A, *p. Then
&, must vanish in the interior of X, since 2(,) vanishes in that set. But g, is also an
element of T, hence £, vanishes outside K,,. This shows that g, must be identically
zero if 1/2¢=m. Hence, if t<1/2m and p€T,,

1Ay *f 1 = Ay * (f =PIl = 1 M f— Il

which proves the first inequality in (7.11).

To complete the proof of Theorem 7.4 we now invoke Corollary 2.3 with
1=1 and X=2,. The basic assumption J,(A)cJ,(Z,) is trivially fulfilled since
J, (D= {0}

To deduce Theorem 7.5 we use Corollary 2.4 with X={A} and t equal to any
one of the elements of 2,. From the estimate of w, in terms of ®, so obtained it is
easy to deduce the desired inequality.
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Intimately connected with (7.11) is a well-known estimate for Peetre’s K-func-
tional. Let us briefly describe the problem. For further information we refer the
reader to [20] or [1} (Theorem 6.7.3). Letting || -|| denote the supremum norm as
above we define the norm

f il = LA + sup [D*f1

al=m
(we write D*=Dj:... D}, D;=0/dx;), and let A and B be the corresponding Banach
spaces of continuous and C™-functions, respectively. The K-functional is defined
for fe4 by
K(f, 1) = K(f. t; A, By =inf {| foll + ¢l fillws fotfr =S}, t=0.
The estimate that we have in mind is
CIK(f, 1) = w,(f, t"™)+1t|f]| = CK(f, 1), O0<t<1.

It is quite easy to prove the second inequality. The first inequality, however, is
usually proved by means of a rather complicated formula which defines a particular
decomposition f=f,+f; (cf. [20] p. 78). We will give a simple proof of this
estimate here.
As in the proof of Theorem 7.5 take ¢ L*(R") such that y€C=, §=1 for
|él<1, Y=0 for |¢|>2, and set A=J,—y. Set s=t¥" and choose
fo=Agxf; fi=f—fo=Yu*f

Since 1 vanishes near the origin we have

1fol = @a(f, s) = Con(f, 9).

To estimate || fi]l,, we take any multi-index «, |¢|=m, and observe that

(7.12) D*f, = (Da'//(s)) xf=s""@u*f,
where @=D"y. Since ¢(&)=(@E)*Y(¢) we have G€J(Z,), and hence w,=Cw,,
Letting o vary we get from (7.12)

t”fl”m = ts_mmtp(fa S)+t”f1”

= Co,(f, +CtIfl,
which completes the proof.

8. Some further applications

We will conclude by mentioning two more applications of the results and methods
of this paper.

In [16] an application to a problem on the modulus of continuity of holomorphic
functions is described. Consider functions f continuous on the closed unit disc and
holomorphic in the open disc. It was proved by Tamrazov [18] that the modulus of
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continuity of f can be estimated in terms of the modulus of continuity of its restric-
tion f; to the boundary of the unit disc as follows

CL)(f, t) = Cw(fo: t)'

By contrast, it has long been known that for Aarmonic functions in the unit disc there
is no better estimate than

o(f, ) = sz:" u=2w(f,, u) du.

Shapiro gives a new proof of Tamrazov’s result using some of the ideas of this
paper. This proof shows that — after a transformation to a half-plane — the phe-
nomena in question can be understood in terms of the behaviour at the origin of
the Fourier transform of the kernel k(x)=(n(1 +x2))~1 associated with the Poisson
kernel P(x, v)=(1/p)k(x/y), y=0, x€R.

Finally we wish to mention the extension of Theorem 2.2 to vector-valued
measures, which is given in [6]. The purpose of this extension was to obtain a new
proof and a new understanding of a theorem on directional moduli of continuity
of vector-valued functions given earlier by the author [3].

By making appropriate definitions it was possible to give the extension to the
vector-valued case a formulation very similar to Corollary 2.3. For instance, the
condition that 2 belongs to the ideal J,(Z) in the ring M,(R") is replaced by the
condition that the (germ at the origin of the) vector-valued function £ belongs to
a certain submodule of the module M,(R")™ over the ring M,(R"). The submodule
in question is constructed from the set X of vector-valued measures in an analogous
fashion as the ideal J,(Z) is constructed above.
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