Positive harmonic functions vanishing
on the boundary of certain domains in R”

Michael Benedicks

1. Introduction

Let E be a closed, proper subset of the hyperplane y=0 in R**’. A point in
R"*1 is, as is customary, denoted by (x, ), where x¢R" and pE€R. We assume
that each point of E is regular for Dirichlet’s problem in Q=R""\E. C will in
the following be a constant, the value of which may vary from line to line.

Consider the cone #; of positive harmonic functions in Q with vanishing
boundary values at each point of E. It is easily seen that £, contains a non-zero
element (Theorem 1).

According to general Martin theory (see e.g. Helms [8]) each positive harmonic
function # in an open set 2 may be represented as an integral

@) = [, K(x, O du(),

where A, denotes the set of minimal points in the Martin boundary of Q. For each
&c Ay, the function x—-K(x, &) is harmonic and minimal positive in the sense of
Martin. We recall that a positive harmonic function #: QR is minimal positive,
if for each positive harmonic function v: Q-R

v<u=v=Au for some 4, 0=41<1.

Now we return to the special setting of this paper, i.e. Q=R""'\E, Ec {y=0}.
In this situation two cases may occur (Theorem 2):

Case 1. All functions in &, are proportional.

Case 2. Py is generated by two linearly independent, minimal positive harmonic
functions.
Stated in terms of Martin theory: the Martin boundary of Q has either one or
two “infinite” points.
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The main aim of this paper is to give conditions on the set E, which determine
whether Case 1 or Case 2 occurs. We thereby prove a conjecture made by Kjell-
berg [13].

2. The existence of functions in #;. Some lemmas

First we formulate a lemma, which will be quite useful in the sequel.

Lemma 1. Ler B={(x, »)ER"; |x|2+)2<1}, the open unit ball in R***. Sup-
pose that u is subharmonic in B and that the following estimate holds:

1
u(x, y)= T (x, y)€B.
Then
u(x,y)=C, for |x|=1-¢ (x,y)€B,
where C, only depends on e.

Proof. This lemma is a special case of the “log log-theorem™ of Beurling and
Levinson (Levinson [14]) extended to subharmonic functions in higher dimensions
by Domar [4, Th. 2].

Theorem 1. 2y contains a non-zero function.

Proof. Let D, ={(x, »ER"; |x|>+|p><m?} and let v, solve the Dirichlet

problem
[ el [yl = m?
vm(x’ )”) - 0 (x, y)EDmﬁE
4v,, =0 in D, \E.

We normalize by putting u,,(x, y)=v,,(x, »)/v,,(0, 1) and claim that there is a con-
stant C,;, depending only on M such that
@b Un(x,¥) = Cy, (X, 9)EDy, m=2M.

By Harnack’s inequality it easily follows that

’

22 (%, y) = IC;—T (x, Y)EDyy.

Thus an estimate of type (2.1) bolds for (x, )¢ Dy {|y|=1}. For points [y|=1
we apply Lemma 1 to conclude that (2.1) holds.
The function w,, solving the Dirichlet problem
Cy on |x]P+y*= M?
Wm = {0 on EnD,,
Awy =0 in Dy \E
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is a harmonic majorant for all ,, m=2M on D,, and therefore {u,}-_, is equi-
continuous on each D,,, and we may extract a subsequence converging uniformly
on each compact subset to a function u harmonic in Q. Because of the majorization

um(x9 y) = WM(x’ }’), (x’ y)EDM, mz= 2M

it follows that u takes the boundary value 0 on E. Since u(0, 1)=1, u is non-zero
and Theorem 1 is proved.

Lemma 2. (Herglotz’ theorem.) A positive harmonic function u in the upper
halfspace y=0 has the representation

(2.3) u(x, y) = %ﬁ@fﬂm ATl

(x—tP+py5H 2

where x=0 and u is a positive measure.

When u€?g, u(x, 0)is a continuous function on R”* and (2.3) reduces to

0
2.4) u(x, y) = xy+C, / —y—“—(ﬁ)—ﬂ dt.
(e—12+y3) 2
A similar representation also holds in the lower halfspace.

Lemma 3. Each function uc Py satisfies the growth estimate

2.5 ux, ») =0(lt, N as I(x, )| ~ .

Proof. We may without loss of generality assume that u is symmetric with
respect to the hyperplane y=0. By (2.4) it follows that

(2.6) u(0, R) = Ru(0, 1)

and Harnack’s inequality gives the estimate

Rn+1
u(x, y) = CT for |(x, y)| = 2R.

In

We conclude that (2.5) is true for points in the cone |y|=|x!|/4. For points close to
the hyperplane y=0 we argue as follows:

Take a point (x,, 0) such that |x,J=R and consider the ball {(x, y))éR"*!;
I(x, ¥)— (x4, 0)|=R}. Normalize the coordinates (x, y) by putting

{x - XQ‘I"R&
y = Ry.

The function v(&, n)=U(xy+ RE, Ry) is subharmonic in (£, n)|<1 and satisfies
there the estimate

R
v(é,n)zCW-
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By Lemma 1, v(&, 7)=C’R for [(§ n)|<], |{[=3/4 and it follows that

, R
u(x,J’)é CR for ’(x,J/)—(xo,O)f §—2_3
where the constant C’ depends only on the dimension. Since (2.5) is known to be
true in the cone |y|= |x|/4, we conclude that (2.5) holds and the proof of Lemma 3
is complete.

Lemma 4. If ucP; has the representation

2.7 u(x,y) = Cn/___l—m% dt
(x—t2+y% =
then
u(x, y)=o(|(x, M) as |(x, )| —e.
Proof. The proof is identical to the proof of Lemma 3 except that the initial
estimate (2.6) is replaced by u(0, R)y=o0(R).

3. Some characterizations of the cone 2,

We first state some definitions and results from Friedland & Hayman [5},
which will be needed later.

Definition. A function u, u: R°~R, has the domain D as a tract, if u=0
in D and u—0 as x approaches any finite boundary point of D from the inside
of D.

When u is a subharmonic function in RY, let M (r)=max, -, u(x) be the
maximum modulus.

We recall the definitions of the order 1 and the lower order p of a subharmonic
function

+ +
p=Tm e M@ gy logt MO)
re logr > logr

Thus Lemma 3 shows that A=1 for all functions in #;.

When combining Theorem 1 and Theorem 2 of Friedland & Hayman [5] we
obtain

Lemma 5. Let £(k, d) be the infimum of the lower orders of subharmonic func-
tions with k tracts. Then ¢(k, dy=2(1—1/k).

Remark. As is seen from the proof in [5), p. 143, for a positive, subharmonic
function u with k tracts, it is even true that its maximum modulus M(r) satisfies

1
71—
k

M(r) = C(u) rz( )
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Our first characterization of £ is given in
Theorem 2. The cone Py is either one- or twodimensional.*

Proof. By Theorem 1, dim #;=1. We suppose dim #;=3, which we will
show leads to a contradiction. Then there exist three linearly independent, minimal
positive harmonic functions »,, v, and v,. It follows that the sets

Q= {(x, »)€Q; v1(x, y) = va(x, y)+v5(x, )}

Q; = {(x, Y)EQ; vy(x, ¥) > vy (x, y)+vs(x, y)}

Q5 = {(x, Y)EQ; v3(x, y) > v1(x, y)+02(x, Y}
are disjoint and non-empty. If say Q,=0, v;=v,+v, in Q, and then by Kjellberg
[12, Th. 1], v, is a linear combination of v, and v,, which contradicts the linear
independence.

We define
w = max (0, v; —v,— U3, Vg—0;—0g, Ug—U;—Dy).

w is subharmonic in R"*? and has at least 3 tracts. Lemma 5 now gives that w
has lower order p=2(1—1/3)=4/3. But this contradicts that y=2i=1 for all func-
tions in £z (Lemma 3), and the proof is finished.

The following theorem, which will be used in the sequel, maybe also illuminates
the two cases.

Theorem 3. Case 1 is characterized by either of the following equivalent con-
ditions:

(i) Py is one-dimensional;

(ii) all functions in Py are symmetric with respect to the hyperplane y=0;

(iii) all functions in Py satisfy the growth estimate

u(x,y) = o(|(x, M) as |(x, p)| —ee.

In an analogous manner, we may also give three equivalent characterizations
of Case 2.
() P is two-dimensional;
(I1) there exist non-symmetric functions in Py,
(II1) there exists a function u€ Py such that u(x,y)=|y|.

For the proof of Theorem 3 we need the following:

Lemma 6. If uc?; has the representation (2.7) (i.e. the constant » in the repre-
sentation (2.4) is O both for the upper and lower halfspace), then for all x€R" the
Jfunction y—u(x,y) is increasing for y=0.

* Added in proof. An extension of Theorem 2 valid when E is a closed subset of a C? hyper-
surface appears in Ancona [1].
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Proof. Let a=0 and define
v(x, y) = u(x, 2a—y)—u(x, y).
v is subharmonic for y=a and »(x, a)=0. Form the halfball
B((0,a); R) = {(x, »)ER™*!; |x[2+(y~a)® < R, y > a}.

The harmonic measure of the spherical surface of the halfball evaluated at
(x,¥), y=a, is O(/R) as R-~. Since by Lemma4 v(x,y)=0(R) as R-»oo,
it follows that v(x, y)=0, y=a. Putting y=a+h, h=0, we conclude that u(x, a—h)=
u(x, a+h) and the proof of Lemma 6 is complete.

Proof of Theorem 3.

(i)=(ii): If a non-symmetric function u exists, then u(x, y) and u(x, —y) are
linearly independent and hence 2, cannot be one-dimensional.

(i))=(iii): Since u€Py is symmetric, it has the representation

u(x, y) = %§y|+C,.f—w(-t’—(lnw dt.
(x—t2+yy 2

But here »=0. (If x>0 then u—sxy/2¢ %, which contradicts that all func-
tions in & are symmetric.) By Lemma 4 it now follows that u(x, y)=o(|(x, y)|)
as |(x’ y)l oo,

(iii)=(i): Suppose that £ is two-dimensional. Let », and u, be two minimal
positive harmonic functions, which generate 2. Then the sets Q, = {(x, y); w,(x, y)=
uy(x, )} and Q,={(x, ); us(x, ¥)=>u;(x, )} are both non-empty, and consequently
the function

v(x, Y) = max (O’ ul(x’ Y)_uz(x, y)’ u2(x5 y)_ul(x’ }’))
is subharmonic and has two tracts.

By the remark following Lemma 5, we conclude that the maximum modulus
of v, M,(r), satisfies

1
M,(r) = Cr2(1__2_) = Cr.
We now see from the definition of the function v that

, )= Cr, 0.
B JIg, (e )= O C

This contradicts the assumption (iii) and the proof of the equivalence (i)«
(i)« (iii) is finished.

The proof of the second part, (I)«>(II)«<(III) is essentially contained in the
proof of the equivalence (i)« (i)« (iii) above.
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4. The distinction theorem

We now introduce a function Bz(x), x€R”, which measures how “thin” the
set E is at . Let O<a=<1 and let K, be the open cube in R**' with center at
(x,0) and side «lx|, all sides parallel to the coordinate planes. Let Q,=K\ZE.
Be(x) is defined as the harmonic measure of 0K, in Q,, evaluated at the point x,
i.e. let w* solve the Dirichlet problem

N '1 on 0K,
W(é)‘{o on EnQ,

Aw* =0 on K\F.
Then B,(x)=w*(x).
The following theorem gives a necessary and sufficient condition on E in terms
of the function f;, which determines whether the dimension of the cone Z is 1
or 2.

Theorem 4. Let E and Py be as defined in the introduction. Then dim Pg=1
or 2 and

Br(x)

dx = oo,‘
xl=1 |x|"

dim Py =1 if and only if fl

dim Py =2 ifand only if | Be®) 4y < oo

==t x|
The proof will depend on the following simple lemma:
Lemma 7. Let K be the unit cube in R**,
K={(xyeR"*; x| =1,i=1,2,...,n [y|=1}

and let FSKn{y=0} be a closed set, all points of which are regular for Dirichlet’s
problem.

Let w, be the harmonic measure of {|y|=1}nK with respect to D=K\F and
let @ be the harmonic measure of 0K with respect to 9. Then

4.1 0,(0) = w(0) = (n+1) 0, (0).

Proof. The left inequality in (4.1) follows just by harmonic majorization. To
prove the right inequality, we define w, as the harmonic measure of {|x;/=1}n0K
in Z. Then

(x, y) = 27 0dx,p) + @,(x, y),
and the desired inequality is a consequence of the inequality

4.2) 0,0) = w,0), i=12 .., n
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We now prove (4.2) for i=1. First we write
w1 (x, y) = Y1 (x, y)—wi(x, y)
w,(x, ) = ¥, (x, y)—w,(x, y),

where ¥/, () is the harmonic measure of {|x,|=1}n K ({|y|=1}n K) with respect
to K. w; and w, solve the following Dirichlet problems for K \F:

Yi(x,y) on F
(%, y) = 0 on 0K

Aw, =0 in K\F

_{wy(x,y) on F
(6 ) =10 on 0K

4w,=0 in E\F

Since by symmetry ;(0)=v,(0), the inequality (4.2) follows from harmonic
majorization and the inequality

(4.3) Y1 (x, 0) = ¥, (x, 0),
which in turn is a consequence of

llll(xls Xas cies Xy 0) = ‘1[/1(05 Xgs ooy Xps 0)

=Y, (0, x5, ..., X,, 0) = Y, (X1, X35 .00 5 X, 0)

The two inequalities in (4.4) may easily be proved by reflections of the functions
¥, and ¥, in the hyperplane x;=a in analogy with the proof of Lemma 5, and the
proof of Lemma 7 is completed.

(4.4)

Proof of Theorem 4. We first prove

f| Be(x)

X=1 len dx =°°=>dlng=l.

Suppose on the contrary that dim #;=2. Then according to Theorem 3 there is a
function u¢ %, such that

(4.5) u(x,y) = |yl

We now need an estimate of u(x, 0) from below. Recall the notion of the moving
cubes K, introduced in the definition of the function Bg(x).
From (4.5) it follows by harmonic majorization that

u{x, 0 = Clx|w ((x, 0), Kxn{]y| = -;—oclxl}, Qx],
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where we have used the standard notation w(¢, F, @) for the harmonic measure
of FSO9 with respect to @ evaluated at &. But by Lemma 7, o{(x,0), K.n{ly|=
alx|/2}, )=B(x)/(n+1) and hence

u(x, 0) = Cx|Be(x).

By Herglotz’s theorem (Lemma 2), we have

u@©, )= CfRn——uQ%dx% C Rnﬂ%d’cé Cf1x|g1 'fo(]f) dx =oo.
(IxP+1) 2 (Ix2+1)2

This contradiction shows that dim #;=2, and this completes the proof of the
first implication.
We turn to the proof of the implication

B )
S B

szt dx < oo = dim Py = 2.

Again we argue by contradiction and assume dim £p=1, which by Theo-
rem 3 and Lemma 2 implies that « is represented by a Poisson integral of its bound-
ary values (x=0 in (2.4)). In particular

Ru(x,0)

(4.6) u@ R =Cf, =TT
(’x,2+R2) 2

dx

and u(0, R)/R-0 as R-c. Choose a sequence R,—- such that

u(oa r) - u(07 Rk)

4.7 - R

for r=R,.

By Harnack’s inequality and Lemma 6 it follows that
4.8 u(x, 0) = Cu(0, |x|) g (x).

The estimate (4.8) inserted in (4.6) gives:

u@Ry=C[ RO D g .

n+l

(IxP+RY =
We split the integral into two parts, thereby obtaining

Ryu (0, x])

Ix|=R, n+1

(x|*+Rp) &

(4.9) u(0,R)=C B:(x)dx+C [

ixI=R,
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In the first integral we use the estimates

(4.10) u(, |x)) = Cu(0, R), |x| =R
1 1
(411) n+1 = n+1
prry s

and in the second

u(©, |x) _ u(0, Ry
4.12 = ,
( ) x| Ry
1 1
I n+1 = |xin+1 *

((x+RY =

(4.13)

(4.10) is again a consequence of Harnack’s inequality and Lemma 6. (4.12) is just a
reformulation of (4.7).

After the introduction of the estimates (4.10)—(4.13) and division by R, (4.9)
takes the form

u@, R) _ . u(©R) B (x) Be®) ,
(4.14) Eo = C Rk k (f|x|§Rk E +f|x12R IF;CI" ]

But the convergence of

f Be(x) dx

Ixi=1 |x|*

immediately implies that both integrals in the parenthesis of the right hand side of
(4.14) tend to 0 as R,—o-. This is a contradiction and also the proof of the second
part of Theorem 4 is complete.

5. Some corollaries and applications of Theorem 4

Corollaxy 1. Suppose that E omits a one-sided circular cone A in R" for
|x|=R,. Then dim Zg=1.

Proof. We need only check that

Bz )
T

a5

But this is obvious, since if « is chosen small enough, fz(x)=1 on the part
of a slightly smaller cone %", where |x]=2R,.
Let S, (r) denote the open ball in R” with midpoint x, and radius r.
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Corollary 2. Suppose that
m(EnS, (Alx]9) = =0

SJor all x,€R", [xo|=R, and some a<1/(B3n+1), A=0,5=>0.* Then dim Pp=2.
Here m, denotes n-dimensional Lebesgue measure.
In particular we deduce

Corollary 2.
m,(En S, (r)) = nm,(S,,(r))

Jor all |\xo|=R, and some 1n=0, r=0 implies that dim Pp=2.

For the proof of Corollary 2 we shall need the following lemma about estima-
tion of harmonic measure, which might also be of some independent interest.

Lemma 8. Let E’C{(x, 0)¢R""; |x|=R}, all points of which are regular for
Dirichlet’s problem and suppose that

m,(E" 0 Sy, (B) = nm, (S, (7))
for some n=0 and all x,, |xo|=R—h. Let w(x,y) solve the Dirichlet problem

S
a)(x, y)_ 0 (x’ O)EEI
do=0 in {(x, p)ER™1; |x]2+y? < REN\E".
Then
Ch
w(0,0)= TR’

where C is an (absolute) constant.

Proof. Without loss of generality we may assume A=1. Let us introduce the
following notation:

3

F, = {xER"; x,—m,| = lov= 1,2, ..., n}, mcZ”
b,, = sup w(x, 1)

x€F,,
M, = sup w(x,0).

m
x€F,,

Consider the Dirichlet problem for the halfball {(x, y)€R"*'; [x|2+)?=R?, y=0}.
Let P(x, y; x", ¥") be the Poisson kernel for this problem. (x, ) denotes an interior
point and (x’, y”) belongs to the boundary. Put

Aml(x) = '[F,\E’P(x’ 1’ x', 0) dx’, XEFm,

* There is no reason to believe that the constant 1/(3n+ 1) is best possible.
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where m, I€Z". (A4,,) satisfies the following conditions:

(5.1) SierAm@® =1-0, o= %
(5.2) A (x) = Tn;:%-ﬁ

Consider the following Dirichlet problem for the halfball:

T
u(x, y) =10 (x, O)EE,
M, (x,00cF\E ,mecZ" |m =R

Au=0 in {(x,y)eR"*1; |x|*+y*< R% y = 0}.

Let a,;=A,;(x™), where x™¢cF, is a point such that b,=w(x™, 1).
By harmonic majorization

(5.3 by = 2ly=rtm M+ Cy,

where C,, is the maximum of the harmonic measure of |x|*+ %= R?, y=0, evaluated
at (x, 1), x€F,,.
Clearly the following inequality holds:

S C ] _
(54) Cm = min (m s 1| = 8-
We also need the estimate

(5.5 M, = b,+ gn.

It follows by a reflection of the harmonic function w(x, y) in the hyperplane
y=1/2 analogous to that in the proof of Lemma 6. Thus, define

v(x, y) = o(x, y)—ox, 1-y).
v is superharmonic in

Sm = {(xa y); lx'—mlz+(y_%)2§ (R—lml—';‘)z,y = %}
v(x, —;—] =0

and v(x, y)=—1 on the spherical surface of S,,. Since the harmonic measure of
the spherical surface is O((R—|m|)~Y) at the point (m, 1), we conclude that (5.5)
holds.

When the estimates (5.4) and (5.5) are introduced in (5.3), it takes the form

(5.6) b= 210m(bi+2)+ gm-
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From this inequality we wish to conclude that

Cs

b, R—jm]’

I

In order to do so, we show that the matrix A=(a,;) is a strict contraction
(||4] <1) with respect to the weighted /~-norm
”b” = lg};’% lbml%m
%, = max (R—|m|, K),

when K=K(o) is large enough.
Evidently, for ||b|=1

(b), = (1-0) %>
so we only have to verify that

(4b),, = (1—5)7—'1%?’ im| = R—K, 5> 0.

Splitting the sums in three parts, we have

1 1
(Ab)m = ZUE§R amlx_l = 2[1~m|§%(1{—|m\) i R___m‘

C 1 C 1
+ Z% (R~|mh=li-mi=R—im~1 [[—m["*1 R—]I| + Zt-miz i1 [[—mP* 1K

= S1+Sz+S3v

Using (5.1), the first sum is estimated as follows:

The second sum is estimated by an integral

1 1
S2 = Cf'g—(R-lm!)éltI_s.R—]m[—l ’tln+1 R”‘It'{‘ml dt
1 1
=C |/, n—1
‘/“Z—(R‘IMI)Sr§R—|m]-—1 pr+l r R—r—lm] dr
1 log (R—|m])

=] cR_Jm) T (R—Im|F
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Similarly the third sum is estimated by an integral

_ 1 1, _C 1
S = CfrzR—lmI—lf " dr = K R—|m| lm|

If K=C’/o? for some constant C’, it follows that
g
4l =1-—=.

We now return to the inequality (5.6), which implies the vector inequality

(5.7) b=AMb+CKr)+C,Kr
with

e =i )

Clearly |r||=1. Since A4 is a contraction it follows that

b = Ab+CKr,
from which we conclude
b=CK(I—-4)""r.
Consequently
C
Ibll = CKl(I-4)7Y =

By the definition of the norm
C
bo = F .
Remembering the inequality (5.5) and the fact that o ~#, we finally get the required
estimate

C .
(0,0) = 25

and the proof of Lemma 8 is finished.

Proof of Corollary 2. We choose n=C/|x|"* and A=|x|* in Lemma 8 and thereby
obtain the estimate
| xl(3n+1)a

x|
Since a<1/(3n+1), the integral f =1 Be(x)/|x"dx converges.

Be(x)=C

Theorem 4 now implies that dim £Z;=2, which is the desired conclusion.
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We have now essentially proved the conjecture of Kjellberg [13}], which in our
notation may be stated as follows:

CoroHary 3. If ECR" has the property that there are numbers R and £=0,
such that each ball in R" of radius R contains a subset of E of n-dimensional Lebesgue
measure &, then a function u€ Py has the representation:

ux,y)=cy+o(xy), y=0,

where ¢ is bounded in R"1.

What remains to prove is the boundedness of ¢. We first note that « is bounded
on the hyperplane y=0. This is a consequence of the estimate u(x, »)=0(|(x, »)|)
(Lemma 3) and the estimate of harmonic measure in Lemma 8. That ¢ is bounded
now follows immediately, since ¢ is the Poisson integral of the bounded function
u(x, 0) (cf. (2.4)) and Kjellberg’s conjecture is completely proved.

We shall now confine ourselves to the case, when n=1 (the complex plane)
and to regularly distributed intervals, where sharper results may be obtained.

Theorem 5. Let p be a real number, p=1, and put

E= U I[sign(m)-|m|?—d,, sign(m)-|m|P+dy],

where {d,Y_ .., 0<d,<1/2, is a sequence of real numbers such that

(5.8) logd, ~logd,, if k~m,

k,m—c or k,m——oo.
Then

o . . logd,
() dimPe=2 if andonly if I, 0—— "<

Proof. We first prove

—1
zmﬂ_fnizdm_ = oo = dim Py = 1.

Again we intend to apply Theorem 4. Without loss of generality we may assume

- —logd, e

m=1 m2

To estimate the harmonic measure Bg(¢) for ¢=>0, we use the auxiliary function
log |sin nz'/?|, defined for Re z>0, where the branch of z¥? is chosen, which is
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positive for real positive z. On the circle [z—k?|=d, we have

1 1 1

= 1
COSTTZP +—2ZP
p

1 1
jsinmzP|= |z—kP|. max = = dk-2n7)-k1‘l’.

lz—kP|=dj
Consider the square
R={(x,»); x—t|=21 Iyl =31}

It follows that
1

. = . 1
u,(z) = log|sin nz?|+ , min log——-C=0

?tékl’éét d’k
on
U {z€C; |z—kP| = di}
-—tékl’é—:—s-t
2 2
and
ES 1
u(z)=Ct»+ min _log— on R,.
%tékpé—:—t di

Therefore, for 1€, ={tcR; (m+1/4?=t=(m+3/4)*},

1
min log——C
() e
pet)=C Fy : i =C T ]
tr+ min  log— t? + min loga—
?t§kl’§%t dk —;—tgkﬂs—t k
Because of the assumption (5.8)
log?;——C1
fet)=C = for €1,
m+log;i—
Using this estimate we get !
[ B 4 B0,
HES 1t
log L C log ! C
_ 1 d—m"' 1 - mp-1 “‘Z— 1
Y L
m—HogT m+logd—

To show that the sum in the right hand side is divergent, we divide the situa-
tion up into two cases:
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Case I. d,=e=™? only for finitely many m. Then for some N,,

1
log——C,
fltlzl P = Ci 2 SR ERE

!ti m=Ng m2

Case 2. d,=e~™ for infinitely many m. We choose a subsequence m; such that

m;q = 4m;.
But (5.8) implies that

logd, =—Cm for —;—m =k =2m.
Hence

Be®) , _ 1 “ 1
./‘mg dt:CZ’jZ; _“CIZ'“l;n?_

It] 5 mysksEm, m;

and the proof of the first part of Theorem 5 is complete.
Note that for this part we only need a one-sided condition on E, e.g.

En(0, =) = U [k?—dj, kP +dy],
k=1

where 7 (—logd,)/k?=c and (5.8) holds.
Now turn to the proof of the implication

—logd,,

mz <°°:>ding=2-

Zm;éo

We first prove f:o Be()/t) dt <.

For m=1 define

1
1_.d_"L]FN 1 _dw

(5.9) e L= e

p mP~t’

The function which we will use to estimate the harmonic measure is F(zV?),
harmonic for Re z=0, z¢ | J;~, [k? ~d,, kP +d,], where
1+i.}.
m

Again the branch of z'/? is chosen, which is positive for real positive z.
A simple computation shows that for real w

F(w) = log |nw|+2’:=1{ ! /m+emlog.1 ~¥\dt+log

2, J m-e,

1 m+te,, -
2 me, log |w—t|dt = logg,,.
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Moreover

1
oS f lo [w—t| dt—log lw—m|

(5.10)
B w L __
6 m—sm§t§pm+sm [w_tiz - IW"‘m|2

I

for [w—m|=1.
In particular, for w=0, (5.10) becomes

1
%, f l gt——logm)

(5.1

We shall need a lower bound for F(w) when wé€[m—e,,, m+¢,l:

sin Tw +1 k+e
= g t—w|dt
Flw) = log (w+m+1)(w—m)(w~m—1)|+2" =n-17s, S  logl—v
oo 1 k+g }
-1*2",::}"_1,"“"+1 {ka-ck log lt—w| dt—log |z— k|
+ 2 I{Ing‘—‘f ! gtdt}
= min ]log |m cos nw|—2log2+loge,_y+loge,+loge, 1

welm—e,  m+te,,

_2;’:1

kzm—-1,m,m+1 IW kl

- Sra

=-3 max Iog—l——— 10.
m-—-1=k=m+1 8’(

Consider again the square

R ={(x); [x—t]=51ly| =31}
It follows that

u,(z) = F(z'?) +3 - max, log—81—+10§ 0 on R,
k

—_—m=sks—
g =

and
1
F4

u,(2)=Cr? on |y|=31 |x—t|=51
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Furthermore F(2) is bounded above for real z. Using Lemma 7 and (5.8) we con-
clude that for mP=t=(m+1)?

max_log pko? +C 1
1 k=l m di logp+(p—-1)logm +log—+C,
47 T4 - m
Pe(t)=C t% =C -

[
R logp+(p—1)log m+logd—+C1

[0 o5 oo

m? m

r g —l08dw |, e logp+(p—1)logm+C;
=C 2m=17+c m=1 m2 =

The proof of [~1 (Bg(?)/[t|)dt< < is completely analogous and thus the proof
of Theorem 5 is finished.

Acknowledgements

It is a pleasure to thank several mathematicians in the Stockholm area for
valuable help during the work on this paper.

I was led to these questions through a problem in Fourier analysis, suggested
by professor H. S. Shapiro. Professor B. Kjellberg kindly introduced me to his work
on positive harmonic functions and has given me continuous advice, inspiration
and criticism. Professor P. Koosis informed me of Domar’s extension of the log
log-theorem, which simplified many of the proofs. Finally, I wish to thank pro-
fessor L. Carleson for his good advice and suggestions, especially in the proof of
Lemma 8.

References

1. ANCONA, A., Une propriété de la compactification de Martin d’un domaine euclidien, Ann. Inst.
Fourier (Grenoble) 29 (1979), 71—90.

2. BeNepicks, M., Positive harmonic functions vanishing on the boundary of certain domains in
R**1, Proceedings of Symposia in Pure Mathematics Vol. XXXV, Part 1 (1979),
345—348.

3. Boas, R. P., Jr., Entire functions, Academic Press, New York, 1954.

4. DOMAR, Y., On the existence of a largest subharmonic minorant of a given function, Ark. Mat.
3 (1957), 429—440.

5. FrRIEDLAND, S. & HAyMAN, W. K., Eigenvalue inequalities for the Dirichlet problem on spheres
and the growth of subharmonic functions, Comm. Math. Helv. 51 (1976), 133—161.



72

8.
9.

10.
11.
12.
13.

14.

Michael Benedicks

. HaymaN, W. K., On the domains where a harmonic or subharmonic function is positive,

Advances in complex function theory, Lecture Notes in Mathematics 505, Springer-
Verlag, Berlin, 1974.

. HayMmaN, W. K. & Ortiz, E. L., An upper bound for the largest zero of Hermite’s function

with applications to subharmonic functions, Proc. Royal Soc. Edinburgh 17 (1975/76),
183—197.

HeLwms, L. L., Introduction to potential theory, Wiley, New York, 1969,

KesTeN, H., Positive harmonic functions with zero boundary values, Proceedings of Symposia
in Pure Mathematics Vol. XXXV, Part 1 (1979), 349—352.

KEzsteN, H., Positive harmonic functions with zero boundary values. Preprint.

KIELLBERG, B., On certain integral and harmonic functions, Thesis, Uppsala, 1948.

KJELLBERG, B., On the growth of minimal positive harmonic functions in a plane domain,
Ark. Mat. 1 (1951), 347—351.

KJELLBERG, B., Problem 3.12, Symposium on complex analysis Canterbury, 1973, 163. Cam-
bridge University Press (1974).

LEVINSON, N., Gap and density theorems, American Math. Soc. Col. Publ. Vol. XXVI.

Received May 17, 1979 Michael Benedicks

Institut Mittag-Leffler
Auravigen 17

S-182 62 Djursholm
Sweden



