A strongly nonlinear parabolic initial
boundary value problem

Riidiger Landes and Vesa Mustonen

1. Introduction

Let 2 be a bounded open set in RY and let O, be the cylinder QX (0, T) with
some given T=0. We shall consider the following parabolic initial boundary value
problem

’9”59’;’ D4 dut, D+g(x, tulx, ) =fx. 9 in Qr

u(x,t) =0 in 92X(O0,T)
u(x,0) =y(x) in Q

where 4 is an elliptic second order operator of the divergence form

(P)

ey Au(x, t) = Zlalél(— 1)|r1| D“Aa(x, t, u(x, 1), Du(x, t))

for each t€[0, T] with the coefficients 4, satisfying the classical Leray—Lions con-
ditions, and g is the strongly nonlinear part satisfying essentially only the condition

glx,t,8)s =—A(x, 1) forall (x,0)€0r,sER,

where A is some given function in L(Q,).
It was shown by P. Hess [3] that the corresponding Dirichlet problem for the
elliptic equation
Au(x)+g(x, u(x)) = f(x) in @

under similar conditions admits a weak solution. This result was recently generalised
by J. R. L. Webb [11] also for higher order operators 4 by using new approximation
results for Sobolev spaces obtained by L. I. Hedberg [2]. In this note we shall show
that the problem (P) has a solution. This result is analogous to the elliptic case. The
case where 4 is a higher order operator seems more complicated. Some results into
this direction were obtained by H. Brezis and F. E. Browder [1], but stronger hy-
pothesis on g was then needed.
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There is also another approach to existence results for the problems involving
the perturbation g(u) with liberal growth. This approach makes use of a priori
bounds in L=(Qp)-norm of u. But this implies restrictions which are somewhat
unnatural in view of the general existence theory. We will discuss these restrictions
when we introduce our conditions for the problem (P).

The case where even 4 may have liberal growth from above was studied by R.
Landes [7]. We shall employ a Galerkin method which makes it possible to adapt
some ideas of [7].

2. Prerequisites

Let Q be a bounded domain in RY with smooth boundary. We start by introduc-
ing the conditions for the coefficients of the operator (1) (cf. [9], p. 323).
(Al)Each 4,(x, t, 1,{) as a function from Q,XRXRY¥ into R is measurablein (x, 7)
and continuous in # and {. For all (x, )¢Q, and (y, )ERN*?,

|4, Cx, 2,1, O = ea(InlP~ + 107~ + Ky (x, D)

with 1<p<es, ¢,>0 and k,€L7(Q,), p'=p/(p—1).
(A2) For all (x,€Qs, n€R and {#{*in RY,

Zlal=1 {Aa(x, L, C)_Aa(xs L1, C*)} .-t =0.
(A3) For all (x,)€Q, and &=(y, )RV,

ZlalélAa(x’ Z 6) éz = C2IC|p_k2(x9 t)

with ¢;>0 and k,eLY(Q,).
The condition for g as a function from Q, X R into R reads as follows:
(G) g(x, t,5) is measurable in (x, 7) and continuous in s. For all (x, €@, and
s€ER we have

g(xa 1 S)S = —'A'(xa t)s

where A is a given function in LYQ,). For any r=0 there exists a function
h,€LY(Q;) such that for all (x, H)€Q,

lsup lg(x, 1, )] = h,(x, D).

In the elliptic case a priori bounds in L=-norm for the generalized solutions are
available for the operators satisfying the coercivity condition (A3) and additionally
the assumption k,€L% with ¢,> N/p. But even then the conditions on g and f
are to be strengthened because of the inequality (7.2) of [4], p. 286. One has to assume
A, feL%, g,>N|p instead of A€L! and fin the dual space of Wj"2.



A strongly nonlinear parabolic initial boundary value problem 31

In the parabolic case the boundedness of generalized solutions is shown in [5]
only for p=2. The theory there is based on the inequality

N) luly = ClDul} |ulz™ for 0<a=<(1/2-1/9)(/N-1/p+1/2)

due to Nirenberg and Golovkin, cf. (2.10) in [5], p. 62. In the interesting case g>2
we obtain positive values for a only if p=>2N/(2-+N). For p<2N/(2+N) no theory
on the boundedness of generalized solutions seems to be available. If p>=2N/(2+N)
the restrictions on the data are similar to the elliptic case and the initial value
has to be uniformly bounded (cf. inequalities (2.3) and (2.4) p. 424 and Theorem 6.6
p. 462 in [5]). We remark also that the inequality (4.26) in Theorem 6.7 means restric-
tion on the growth of g(u). In fact, g(u) may be considered then as a bounded map
and the theory of bounded pseudo-monotone operators is applicable. Finally we
remark that our hypotheses are not optimal in the sense that Sobolev’s imbedding
theorem and (N) can be used to weaken our hypothesis (Al) in an obvious way.

The function spaces we shall be dealing with are denoted V=Wy?(Q), where
pis given by (Al), ¥"=L?(0, T; V) with the usual norm

T
”U”'lf = (-/0 /gzlalél [D*v[P dx dt)llp,
and # =v"nL*Q,) with the norm

lols = lolly +1v]2p0-

For the Galerkin method we choose the sequence {w;, w,, ...} in C5°(22) such that
Unpey Va with ¥, =span {w;, wy, ..., w,}, is dense in W}?(Q) where j>N/p+1.
Since W§?(£) is continuously embedded in CY(Q), for any veWiP(Q) there exists
a sequence (v)c|J;o, V,such that v,—~v in W ?(Q) and in CYD), too.

We denote further ¥,=C([0, T]; V,). It is easy to see that the closure of
Un=1 ¥, With respect to the norm

folchoemy = sup {[D*u(x, 9|}
laj=1
x,0€0p

contains Cy°(Q). This implies that for any f¢ 7™ there exists a sequence (f;)c
U=y 7. such that f;—~f in ¥ in the sense that

fQ < fedxdt > {f, .

For any ¥¢L*(Q) there is a sequence (¥} C{o, ¥, such that ¥~y in L2(Q).
Then we have the following
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Definition 1. A function u,€¥", (n=1,2,...) is called a Galerkin solution of
(P), if ou, /ot LN0; T; V,), u,(0)=y, and for all 7€(0, T] we have

3u,, ']
th Py vdxdt+sz Z’IalélAa(x, t, u,, Du)D*vdx dt

X, t, uyvdx dt = Lodxdt

o, st = [

for all oc¥,, where ¥,€%,, f,€% and Y,~¢ in L*(Q) and f,~f in ¥
We shall be interested in solutions u for (P) in the following sense.

Definition 2. A function u€# nC°([0, T] L*(Q)) is called a weak solution of
(P), if

0 T
__fQTu——a—t-dxdt-i—fQu(t)qo(t) azx/0
+fQT 2 1a)s1 4. (%, t, u, Du)D* @ dx dt+fQTg(x, t,u)pdxdt = {f, ¢)

for all @eCY([0, T]; Cy(Q)) with u(0)=y, and g(-, -, WELY(Qp), g(+, «, Wuc
LMQp)-

We close this section by the following compactness result which will be needed
in the proof of the existence theorem.

Proposition 1. Let (u,) be a bounded sequence in L?(0, T; Wir~7(Q)n
L=(0, T; LXQ)) with 1<p<o and m=1. If u,()—~u(f) (weak convergence)
in INQ) ae. in [0, T], then u,~u in L*(0, T; Wy—LP(Q)) for some subsequence
of ().

Remark. Usually the compactness in L?(0, T; Wg»?(£2)) is obtained by a priori
bounds of du,/dt in some distribution spaces (cf. e.g. [1]). These bounds are replaced
here by the hypothesis u,(H)~u(#) in LYQ) and [u,(9)] 3 =C, which can be
verified easily for the sequence of Galerkin solutions.

Proof of Proposition 1. Let », stand for the mollified function
v, (x, 1) =fRN v(y, ) J,(x—p)dy, where ov(y,?)=0 forall p{Q.
Since #,()~u(f) in LYQ) we have u,,(x, )—>u,(x, ) a.e.in Qr, moreover
lttae () — 4y (W1, p = 0 |12 (D], o
and for any &=>0 there exists ¢,>0 such that (cf. [10], p. 75 and 85)
D%, (DIl = & [1D™u, (D p+ca [, (D1
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for all |¢|=m—1. Hence
”Da un(t) _Dauk(t)”p
= ”Da un(t) -D* umr(t)"p+ ”Dz una(t) -D* uka(t)”p
+ HD:! uku(t) —-D* “k(t)“p =0 “Dm“n (r)”p-{' 4 ”Dm uk(’)”p"'g H‘Dmumr(t) _-Dm“ka(t)”p
+c ” Ups (t) —Ug (t)”1 .

Consequently, for all |aj=m—1,
S 1D% u, (- D* w13
= c{o? [T 10", )3 dr-+o? [ D" u (O)]3de

22 [T 10"t () =D O3 dt+E [ Vit ()~ OIE i},

¢ being some positive constant. By choosing first ¢ and ¢ small enough and then »
and k large enough we can conclude that (,) is a Cauchy sequence in L?(0, T;
Wm=LP(Q)), hence being convergent. Here we have used the fact that

f nlu,,,(x, Hdx =c forall n and almost all €(0, T),
and u,,(x, )—~u,(x, ?) a.c.in Qr imply that

J, Ve ® =t @t ~0 a5 n koo
for any fixed o.

3. Existence theorem

Our main result in this note is the following

Theorem 1. Let Q be a bounded smooth domain in RY and T=0. Assume that
the operator A defined by (1) satisfies the conditions (Al), (A2) and (A3) and the
Sfunction g the condition (G). Then the problem (P) admits a weak solution u for any
v and YeL¥Q).

Proof. We shall give the proof in several steps. In many stages we can adopt
the ideas of [7]. For convenience we assume that {y=0. The general case can be
handled similarly without essential difficulties.

1°, Toshow the existence of Galerkin solutions u, we proceed as follows. Applying
Friedrichs’ mollification with respect to space-time variables to the coefficient func-
tions we obtain Galerkin solutions for the mollified problem. The coefficient func-
tions A% and g° clearly meet the assumptions of Lemma 1 in [7]. Observing that
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(AD), (A2), (A3) and (G) are true uniformly for the mollified problem we get a
Galerkin solution u, with g~0, satisfying the conditions of Definition 1. Hence

Bu,, o
fQ‘ pr (pdxdt+fQ12|¢I§IAa(x, t, u,, Du,) D*@ dx dt +

fQ g(x, 1, u,,)<pdxdt=fQ fupdxdt forall @c¥;, z€(0,T]

with f,€%, and f,—~f in ¥*. Setfing ¢=u, we get by (A3) and (A1) that

@

ltally = €5 4yl =0, 7 L20) =
(3) "Aa('s *s un’Dun)“Lp'(QT) =0
0= fQ g(x, 1, u)u,dxdt = c forall [0, T].

Consequently, for some subsequence of (x,), u,~u in % and A(-, -, u,, Du)~h,
in L7(Q) whete h,cL”(Q,) for all |a|=1. Moreover, for any =0,

lg(xs 2, u,(x, )| = Sup, lg(x, 1, ) +Ig(x, t, u,(x, ) u,(x, 1)

which together with (G) and (3) means that {g(-, -, #,)} is weakly sequentially com-
pact in LXQyp).

2°, We invoke Proposition 1 to get that u,(x, )—u(x, f) a.e. in Q; for some
further subsequence. Indeed, since (u,) is bounded in L=(0, T; L*(Q)), itis bounded
also in L=(0, T; L(Q2)) and we must show that u,(f)~u() in L) for all #€[0, T].
Let @cl;~, V, be arbitrary and z€[0, T]. Then by (2),

[0, D-0. ) 00} ]

d
fo f;—d_t_ (4., D — ey, D) @ () dr dyl
= !f;fnzl“]g(A“(x’ T, Uy Dut)) — A, (%5 T, 1y, Duy) D* @ dix dT}

+ Ith(g(xs T, ) — 8 (%, 7, uk))(P dXdTI'*'Ith(f;,—f;‘)QDdx dtl -0

as n, koo because {4,(-, -, u,, Du,)} and {g(-, -,u,)} are both weakly convergent
in 1X(Q)).

Moreover, for any z€L2(Q) there exists an approximating sequence (@, C
U, V, such that ¢,—z in L*(Q). Hence we can conclude that (u,(1)is a Cauchy
sequence in the weak topology of L2(Q), for all 7€[0, T}. Hence u,(f)—~a(s) for
all t¢[0, T] in L2*(Q), for some function #(f)€L*(Q).

But since #,~u in L*(Qy) it is easy to see that #()=u(?) a.e. in [0, T). Thus
Proposition 1 implies that u,—~u in L?(Q;) and therefore u,(x, )—~u(x,?) a.e.
in O for a further subsequence.
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3°. By the continuity of g, g(x, t, u,(x, 1))~g(x,t,u) a.e. in Qp and Vitali’s
convergence theorem implies that g(-, -, u,)—>g(-, -, %) in LYQy). By Fatou’s lemma
we get further

€Y er glx, t, wudxdt =lim infoTg(x, t, u)u, dx dt.

From (2) we get for all @€CY([0, T]; C(RQ))

. ou,
) 3}210 o 5; (pdxdt+fQ Delsthe D* @ dx dt

+fQTg(x, Luwedxdt={f, o).

By Lemma 2 of [7] we also have that 4: [0, T]—-~L?(Q) is weakly continuous and

. ou, oA T /]
©) lim fQT = godxdt_fgu(pdx/o —fQTu—aTgodxdt.
Hence the proof will be complete, if we can show that
(7) fQTzluiél kazDaqg dxdt = fQTZIalél Aa(x9 i u, Du)D“(Q dx dt

for all peCY([0, T]; C(2)), and
(8 ue Co([0, T); LX(Q)).

4°. For (7) it is sufficient to show that

lim supr 2 oy 142(x, t, u,, Du)(D*u,—D*u) dx dt = 0.
R0 T
This is true because the mapping from V to ¥V* associated to the operator A4 is of
the monotone type which can be verified by the assumptions (A1) and (A2) as in [8].
The above inequality however holds true, if at least for one subsequence (v,)c
Une1 % with v, ~u in ¥ we have

) Jim Lim sup S o, 2 o151 {Aa(X, & ty, Dup) D*u,—hy D0} dx dt = 0.
-0 n-—»oo T

By (5) we have for any fixed %,

—fQ Zl“lél haDaUk dxdt

. ou,
= lim f ZEodxdi+ [ gt wuddi=[ fodxa.
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From (2) and (4) we therefore get
(10) lirnrliup er 2114 (%, 8, 4,y Du,) D*u,—h, D*v,} dx dt

stmsup [ (fu—~foddxdi+ [ gt w)(o—u)dxdi+

. ou,
+ han» sup f on 31 (v, —u,) dx dt.
Since obviously
lim lim [ (f,u,—fo) dxdt = 0,
Qr

koo n+oco

it remains to show for (9) that

(11) 1ig‘r_1’§°uprTg(x, t, (o, —u)dxdt =0
and

. . ou, _
(12) l"}liuphr,,rlﬂlp fQTW (vy—u,)dxdt =0

hold for some sequence (v,) = CY([0, T'1; C;°(©2)) such that v,—~u in 7.
The assertion (12) can be further modified

ou,
fQT o (0= dx dt
1 b

o
= =5 fo 7 O —n@Pdxdi+ [, T (u—u)dxds

= — Sl 0D+ [, S oo w) dxdr.

Hence (12) is satisfied, if
. . o
(13) lim sup lim sup fQT ¢ et dxdt =0,
The sequence (v,) is then constructed as follows: Starting with the Galerkin

sequence (u,) we define for each k€N, u® the truncation at level k. Next we define
for ueN

P)ux, ) = 1 [ 4P (x, ) e~ ds.

Then (u®),~u®, uP->u® in ¥" as p—~c and

2 (), = P — (),
(If Y0 define
O 0 = i [ (9 G, )~ (5, ) 55 s+ 1, O
see [7]).
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Finally we must take the mollification with respect to space variable, [(#®),],
for >0 (cf. Proposition 1). It is obvious that this sequence is in C*([0, T]; C5°(Q)).
Moreover

Jo, 86t ()], ~w)dx dr
= [, 80s 6 (@) —u®),) dxdr+ [ g, 1, (), — ) dx dt
+ fQ g (%, t, ) (u® —u®) dx dt + fQ g(x, t, W) (u® —u) dx dt,

where each of the integrals converge to zero as 60, n—+o, pu—c, and k- oo,
respectively. Thus we can choose (v;) as a diagonal sequence of {[(1%®),],} such that
(11) holds true and v,~u in ¥". Since each dv,/dt is in L¥(Qr), (13) follows from

. vy -
(19 hﬁr-’.iquQTW (v,—wdxdt =0.
Denote A4,={(x, H€Qy: |u(x, )| =k}, k€N. Then u®P=y in 4, and
sgn (u® —ul) = sgn(u—uP) in Op\d4,; if u®—ul =0,
because of [ud|=k. Since
vy * ® ®) d
Jo, 5i e—wdxdt = p [ (@), — (013w, — u) dx dt
.y f o {@®) — ), } (™), ~u) dx dt
— (1) (kY __(4,(k) — () =
quk (u—(u®),)2dx dt+quT\Ak(u ™)) (u—(u®),)dxdt =0,

as 0—0 and n—, for any u and k. Therefore we can conclude that (13) holds
true, too.

5°, The final step of the proof is to show (8). We shall do this by showing that
u is the limit of a Cauchy sequence in C°([0, T]; L*(R)).

To begin with we note that we may choose #; in such a manner that in addition
to (11) and (14) we have for every 7€(0, T

(15) '}Lrg lfgcg(x, L, u) v, dx dt—fQ:g(x, t, wu dxdtl = g
and
(16) lim ﬂ(v —u)dxdt = g,

neseJ g, 9t * *

for some ¢ not depending on 7 and & —~0 for k—oeo. This is true because of the
strong convergence of [(1¥),], in ¥” with respect to 6, n, 1, and of the strong conver-
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gence of 4, and g(-, -, u,) in LP(Qp) and LY{(Q) respectively. Furthermore by Fatou’s
Lemma we know that

lim inf ol <1 A (%, 1, u,, Du,) D*u, dx dt = a1 A (x5 t, u, Du) D*u dx dt

n—»oco

and
hglglffgeg(x, Lu)u,dxdt = thg(x, t, Wyudxdt.
Thus we obtain the estimate

timsup —%ui"—(u,,—vk) dx dt

ne»co

= lim sup [fQ 2 1a)s1 4., 8, 4y, Du,) D*(v,—u,) dx dt
+fQ' g(x, t, u,) (v, —u,) dx dt +thf,,(u,,——vk) dx dt] =g,
independently from 7€(0, T]. We have shown now that
g+ = lim supf i— (u,—v)(u,—v,) dx dt
an et
=7 Hl’}}_iup 44, (2) — 0 (D) E 20

independently from 7€(0, T], implying that v, is a Cauchy sequence in C°([0, T,
LX(Q)).
We close the paper by the following

Corollary. The function u can be used as a testing function in (P), i.e.
%fg(u(t))2 dx /; +er2|“|§1Ad(x’ t, u, Du)yD*udx dt
+f 5,806 1, Wudxdt = f o 0o Dyux, 1) dx dt
for all =¢(0, T
Proof. By the results of the previous proof we have in view of (16)

0= lim lim {fQ g(x, t, u)(u,—v)dx dt

ko0 oo

+‘/'Q.52]a|§1Aa(xa t, Uy, Dun)(D un_D Uk) dx dt}
.o du, .y
= '}ln;lo 32’1;10 -/'Q,_-aT (vk-u,,) dx dt+ %E’E‘ }Ln;lofgtf;,(u,,—vk) dxdt

= 5 fimlimsop [, — () =0/,

N oy -
+ ,}_1510 hrnr}. sup f o o (vx—u,)dxdt=0.
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This implies that
(18) ,}HE vag(x, t, uu, dx dt =fQ‘ g(x, t, Wudxdt

and
fim fQ st Ao (x, t, wy, Du,) Dou, dx dt

nco

(19)
- fQ 2 laj 1 Ao (%, 1, u, Du) D*u dx dt.

In view of (18), (19) and the estimate just above (17) it is now apparent that we can
replace lim sup by the limit in (17) which gives us

'12‘31_{{10 24, (1) ~ 0, (D] L2y = &8k

Since #,(t)—>u(r) we have also u,(?)—u(x) in L?*(Q) which implies that

(20) lim fQ %—u,,dxdt = —;—fnu(t)z /o

n—co

The Corollary now follows from (18), (19) and (20) because u, is a Galerkin solution.
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