Random coverings of thin sets

Svante Janson

1. Intreduction

Let E be a bounded set in R? and consider the problem of covering E by a ran-
dom collection of small sets. For simplicity, we will consider in this paper only the
case when the random small sets are cubes of a fixed size with edges parallel to the
coordinate axes and with independent, uniformly distributed centers. (See below
for precise formulations.) For sets E of positive d-dimensional Lebesgue measure
m,(E) (and with m,(0E)=0), this problem was studied in detail in [3]. Hence we
are in this paper mainly interested in thin sets E such as fractal curves and Cantor
sets. In order to avoid trivial complications, we assume that F is infinite.

Remark 1. When m;(E)>0 and m;(0E)=0, the results in [3] are more pre-
cise than the results presented here. On the other hand, the methods in the present
paper are more elementary.

Remark 2. The results in [3] apply also to covering by spheres and, more generally,
by sets of any given convex shape. Furthermore, the size, shape and orientation may
be random. The results do not depend on the shape of the small sets except that a
constant term changes. This strongly suggests that the results of the present paper are
also valid e.g. for covering by spheres.

We will study two versions of the problem. In the first version we take a fixed
set VcR? with finite measure m,(V) such that Ecint (). Denote the cube
[0, a]* by Q,, and let (for a fixed a>0) the random cubes be X;+Q,, i=1,2, ...,
where {X;};" are independent, uniformly distributed points in V. Define

(1.1 N, = min{n: U] (X;+Q,) > E}.

Thus the random variable N, is the number of random cubes of size a required to
cover E. Obviously

(1.2 P(N, = n) = P(the first n random cubes of size a cover E).
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The set ¥ is introduced because we want X; to be uniformly distributed in some
set, which then has to have finite, non-zero measure. Asymptotically (as a—0),
the choice of V influences the distribution of N, only through »,(V'), which appears
as a scale factor; see below.

In the second version we let & be a Poisson process of intensity A on R%. We
regard ¢ as a random set of points &= {x;};°, and let the random cubes be {x;+Q,:
x,€£}. We will denote this random set of cubes by £(4, a), usually abbreviated to Z.

We will discuss the connection between these two versions in Section 2.

We will relate the random coverings to the most efficient non-random coverings.
We define, for a>0, n(a) to be the smallest number of sets of diameter at most a
that cover E, i.e. n(a@)=n iff there exist sets E,, ..., E, with diameters =a and
\UL E;oE. (For our purposes, we may instead take the smallest number of cubes of
size a, or balls of radius a, that cover E. These numbers are equivalent within constants
depending on d.) We will also use a special covering by cubes. Let

Fa = {II: [mka’ (mk+ l)a]}::l...md=—°°
be a mesh of cubes of size g and define
ny(a) =3 {Q€F,: Q 0 E # 6}.

It is immediately seen that n,(a)=3’n(a) and n(a)=n,(a/Vd). Further, n,(a/m)=
min (@) if m is an integer.

We will in this paper use C to denote different constants that depend on d only.
We thus obtain

(1.3) Cn(a) = n(a) = Cn(a)
and, if 0<d=1,
1.4 n(a) = n(éa) = C67°n(a).
We define a dimension by

_ log n(a)
(1.5) *= log(1/a)”

This dimension is sometimes called the upper entropy dimension. It is never smaller
than the Hausdorff dimension, but it may be larger. (See Example 1 in Section 5.)
For references and other definitions of dimensions, see e.g. Mandelbrot [4].
We are particularly interested in sets E with the regularity property
(1.6) 0 < lim a*n(a) éfﬁn;a“n(a)<oo
a0 a-—»

for some a>0 (necessarily the dimension given by (1.5)). We will give some of our
results in two versions; one general and one special for sets satisfying (1.6).

Acknowledgement. 1 thank Peter Jones for posing me this problem.



Random coverings of thin sets 95

2. Results

In the Poisson case, we introduce a new parameter by
2.1 u=Aa%

Note that the number of cubes in Z(4, a) that contain a fixed point x is distributed
as Po(u), and in particular

2.2) P(xiscovered by £) = 1—e~*, x€R‘

The basic result of this paper is the following pair of estimates, proved in the next
two sections.

Theorem. [f u=1, then, with notations as above,
2.3) exp (— Cn(a/p)e*) = P(E(4, a) covers E) = exp (— Cn(a/p) e™*).
We obtain easily, using (1.4), the following corollary.
Corollary 1. Let u=pu(a) be a function of a. Then, as a-0,
(24) P(EcoversE) -~ 1 & p—log n(a/y) -+ < p—log n(a/log n(a))~+ o
and
(2.5) P(EcoversE) » 0« u —log n(a/y) - — < u—log n(aflog n(a)) ~ — .
If (1.6) holds, then

1}
14 = — <<oo,
e

(2.6) sup { log n(a/log n(a))—a (log —2— +log log %)

Hence

Corollary 2. If (1.6) holds for some o=0, then, as a--0,
= 1 1
27 P(Z covers E) ~ 1« ji~a |log—+loglog—) ~+

(2.8) P(EcoversE) -0 u—a [log-‘lT-Hog log —‘11—] - — oo,

We connect the two versions of our covering problem as follows. Let ¥ be a set
as in Section 1, and assume that Yda<inf {{x—y|: x€E, y¢¥V}. Then only cubes
x;+Q, with x,€V meet E. The number of points in £nV has the Poisson distri-
bution Po(Amy(V)) and the set EnV is distributed as {X;}¥/; where {X;}{" is as in
Section 1 and M has the distribution Po(im,(V)) and is independent of {X;}7".
Hence

P(2(A, a) covers E) = P({X;+Q,} covers E)= P(N,= M).
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Now let T, Ts, ... be independent of each other and of {X;}, and with the common
exponential distribution Exp (1), and let S,=237T,. We may take M=sup {n:
S,=2m;(V)}. Hence,

2.9 P(Z covers E) = P(N, = M) = P(Sy, = imy(V)) = P(Z, = ),

where we put Z,=

1 d
as, .
my(y) e

Remark 3. This argument is closely related to a method by Holst [1], who intro-
duces a time coordinate and a Poisson process in the space-time.

For simplicity we will henceforth assume that m,(¥)=1. In general, the results
remain valid if N, is divided by m,(¥).
Now, assume that n(g)=3. By (1.4),

(2.10) log n(a) = log n(a/log n(a)) = log n(a)+d loglog n(a)+C.

Take
u = log n(a/log n(a))+x.

If x=0 we obtain by (2.9), (2.3), (1.4) and (2.10),
Q.11 P(Z,>p) = 1—exp (—Cn(a/p)e™*) = Cn(a/p)e™* =

= Cn(a/p)(n(a/log n(a))) te~* = C(u/log n(a))* e=* = C(1 +x/log n(a))ie ™.
If —>logn(@)=x=0, then p=logn(a)+x=3logn(a) and
(2.12) P(Z, = p) = exp(—Cn(a/w)e~*) = exp (— Cn(a/u)(n(aflog n(a)))te™") =

= exp (— Ce™™).
It follows from these estimates that, for n(a,) =3,
{Z,—1og n(a/log n(a))}asa,

is a tight family of random variables, and further, as a--0,

(2.13) Z,flog n(a) =~ 1
and
(2.19) EZ, = log n(a/log n(a))+0(1) = log n(a) +0(log log n(a)).

Since SNa/NaLl by the law of large numbers as a—0 and thus N,-<, and
ESNa=ENa-ET1=EN,,, we obtain
Corollary 3. If m;(V)=1, then, as a—0,
_@N. _r 4
logn(a) ’
(2.16) a?EN, = log n(a)+0(loglog n(a)).

(2.15)
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This yields the following expression for the dimension « defined in (1.5). We may
here replace EN, by the median or any other fixed percentile of the distribution of N,.

Corollary 4. If my(V)=1, then

-— a‘EN,
.17 o s a) — *

Furthermore
(2.18) E(Z,—a'N)* = E(a* 37 (T;— 1)} = a%¥EN, = w(ad log %]
as a—0. Consequently

Corollary 5. If m,(V)=1 and n(ay)=3, then

{a® N,—log n(aflog n(a))}uga, is tight.
If further (1.6) holds, then
{a“ N,~u (logl+loglog l)} is tight.
a allssyse

If Eis a subset of {(t;,..., %) t41, ..., 2,=0} for some k=d, m(E)=0,
then the dimension « defined by (1.5) equals k and (1.6) holds. Further, if m, (0E)=0,
where OE is the boundary of E regarded as a subset of R¥, the results of [3] imply that

a*N,~k [log-clz—+log log %) 2, klogk+logm,(E)+U,

where P(U=su)=exp (—e™").
We further note that if a subsequence of {a’N,—logn(a/logn(a))} converges
in distribution to some W (as a—0), then, by (2.18), (2.9), (2.3), cf. (2.11), (2.12),
W is stochastically larger than U—C and smaller than U+C, where U is as above.
This might lead one to expect that a’N,—logn(a/logn(a)) (or &’N,—
1 1
a[log——+log log -;) when (1.6) holds) convergesin distribution as a—0. However,
a
as we will see in Example 2 in Section 5, this is not true for the Cantor set. This
suggests the following modification, at least for sufficiently regular sets E.

Conjecture. There exists a bounded function  (a) (depending on E) such that
(f m(X)=1)

a’N,—log n(aflog n(a))—y(a)2> U as a ~0.

(This is equivalent to the property that every limit distribution of a subsequence of
{a’N,—log n(a/logn(a))} is of the type U-constant.)
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3. The lower bound

We will use the following correlation inequality for the Poisson process. For a
more general version and a proof, see [2, Lemma 2.1].

Lemma 1. Let D, ..., D, be Borel sets in R® and let A; denote the event
EnD; 0. Then P((\" 4;)=]" P(4,).

Let ¢=0 and consider a covering {E,}}_, of E consisting of sets of diameter at
most ¢a, with n=n(ea). Thus, there exist points y,€R? such that

E;Cpi+Qeus j=1..,n

Hence, if {x;+ Q,-.,} covers {y;}], then U (x;4+Q,) contains every y;+Q,, and thus
every E;, whence E is covered. Consequently,

3B.1D P(2(A, a) coversE) = P(y,€ UE(A,a—ea), j=1,..,n)=
= [T; P(y;€ UE(4, a—¢ea)),
where we have used Lemma 1. By (2.2), each factor in the last product equals
1—exp(—A(a—ea)?) = 1 —exp (— pu(1 —¢)%) = exp (— Cexp (— (1 —&)Y)

provided u=1, £=1/2, say. Consequently,
(3.2 P(Z2(2, a) covers E) = exp (— Cn exp (—u(1—¢)%).

Now take e=1/(2dy). Then p(l—e)*=p(l—de)=p—1, whence
3.3) P(Z(2, a) covers E) = exp (— Cn(ea) e*—*) = exp (—Cn(a/u) e™*).

4. The upper bound

Lemma 2. Let Q be a cube of size a and let {y;}; be a set of points in Q such
that if y; and y; are two points in the set and their coordinates are denoted by y;,
and y;y, k=1,...,d, then |y;,—y; |=alu for at least one k. Then

“.1) P(E covers {y;}{) = 1—Cne™* = exp (—Cne™*).

Proof. By translation, we may assume that Q=@,. Let A4; denote the event
{E(4, @) does not cover y;, but every t=(t,...,1)€Q, such that =y, ,+alp
for at least one k is covered). Then the events {4;}] are disjoint, and

4.2) P({y;}1 iscovered) = 1—-P (U] 4)) = 1 - 3] P(4).

9d-1

To estimate 4;, let, for each k=1, ...,d, {R;,}i—; denote the 2~* rectangular
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boxes I;X...XI;, where I,=(y;4,y;+a/y) and either [,=(0,a/2) or I=
(—a/2,0) for i=k.

a(ay1!

Let A;,, denote the event ¢(nR;,,;#0. Since my(R; ,,’,)=; [3] =

at
24, we have

1

P(A,,, #0) = 1—exp(—Amy (R, ) = 1 —exp (—21-9).
Itis easily seen that
A; D {y;isnotcovered} n (N NI A4
Since {y; is not covered} and (N (N, 4;,,; are independent, we obtain by Lemma 1,
4.3) P(4;) = P{y;is not covered} P (N, N, 41,0 =
= e ", N, P41 = (1—exp (=21~ 9)* ek

The lemma follows by (4.2) and (4.3).

We now prove a special case of the sought inequality.

Lemma 3. If ECQ, where Q is a cube of size a, then
“.4) P(E covers E) = exp (~Cn,(a/p)e ™).

Proof. Let, for m=(my, ..., m))€Z*,

Q' (m) = II,_, Im(a/w), (my+1)(a/w].

For any sequence [=(l,...,[;))€{0,1}¢, define B,={Q'(m): Q' (m)nE#B and
m=I(mod 2)}, where m=! means m=l (mod2) for each k=1,...,d. By
definition, n,(a/p)=22% B,.

Fix / and choose one point in @’(m)NE for each Q'(m)cB,. This gives a set
{y;}{, with n=4B,, that satisfies the condition of Lemma 2. Thus

P(Z covers E) = P(Z covers {y;}) = exp(—C # Be™¥)
and, taking the product over all /€ {0, 1}%,
P(E covers E)* = [[,exp(— C# Bie™#) = exp (— Cny(a/p) e7*),

which yields (4.4) and proves the lemma.

We complete the proof of (2.3) by a similar argument. Define for meZ4,
Om)=[I¢ ma, (m+1)al, and let n,, denote m(a/u) computed for the set
EnQ(m). Clearly ny(a/W)=2, M, m-
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Again let 1€ {0, 1}*. Note that the events {Z covers EnQ(m)} for m such that
m=I(mod 2), are independent. Hence, using Lemma 3 on EnQ(m),

, P(E covers E) = P(& covers EnQ(m) forall m =)
= [I,,_; P(E covers EnQ(m)) = [, _,exp (—Cny,e™*) =exp(-C 2 _, ny e ).
Consequently, taking the product again,
P(Ecovers EY* = exp(—C 3,3 _, nyme¥) = exp(— Cn(a/u) e#).

The theorem is proved.

5. Examples

Example 1. Let d=1 and E={k~?};>, for some fixed y>0. It is not diffi-
cult to show that the dimension defined by (1.5) equals (1+7)~! and that (1.6) holds.
Note that the dimension is positive although E is countable and its Hausdorff dimen-
sion thus equals zero. Corollaries 2—35 answer various questions about the random
coverings.

Example 2. We will perform an explicit calculation for Cantor sets in R and
certain values of a. First, let E be any closed subset of [0, 4] with m;(E)=0, and let
LE=(— o, ag)u(by, =)UJ; (a;,b;) where the intervals are disjoint. Denote the
smallest positive element of ¢ by ¥, , and the largest negative element by —¥_.
Then Y, and Y_ are independent Exp (1/4) random variables. Hence, since
P(Y,.€cE)=0,

(5.1 P(Z does not cover E) = P(Z does not cover Eand ¥, < ag)

+P(Z does not cover E and ¥, > by)+ 3, P(E does notcover E and a; <Y, < b))
=0+P(Y, >byand ~Y_ < by—a)+ >, P(a; <Y, <b,and ~Y_ <a;~a)
= ¢—*Po p—Aa—by) +Zi (e—;.a,. _e—;.b,.)e—;.(a—a,) — e““(l +Zi (1 — e—z(b,—a,)))_
Now let 6=1/3 be fixed and let E,=[0, 1], E;=[0, 6}u[1—d, 1], ... so that E,
consists of 2¥ intervals of length & separated by at least (1 —25)6*~%. Let E=(; E,.
It is easily seen that if &=ag<d6*"% k=0, then n(a)=2* Consequently (1.6) is

satisfied with the dimension a=log2/logé~?, ie. §*=1/2.
Suppose that

(5.2) F=a=(1-25)81

for some k=0.
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By (5.1), and a simple count of the intervals in [0, 6*]\\E,
(5.3) P(E covers Enf0, ') = 1—e# (14 37 2/(1 —e4a-20827y),

Since E consists of 2* parts congruent to En][0, 5*] and these are covered indepen-
dently of each other,

(5.4) P(Z covers E) = (1—e~#(1+ 37 2 (1 —e-2a-205 1))
Define
(5.5 p(x) =x"*37_2(1—exp(—x(1-26)8"H), x=>0.

The series is uniformly convergent on compact sets and thus ¢ is continuous (and
in fact analytic). Furthermore, ¢(x/6)=03"2¢(x)=¢(x). Hence ¢ has the multipli-
cative period 6=, Thus, since ¢(x)>0, log ¢(x) is bounded above and below. An
elementary computation, which we omit, shows that the periodic function ¢((1/6)7*")
has Fourier coefficients

—(log (1/5))~1(1 —28)0oe2 +2aim108(113) ' (— (log 2+ 2min)/log (1/9)),

n=...—1,0,1, .... In particular, ¢ is not constant.
Now, let g—~0 through a subsequence such that (5.2) holds (with k depending
ona)and let p=Jla->e. If 6 "=A6*<5 ™' then m— and

(56) Z;‘;o Zf(l —_ e-—).(l—za)ak+j) =om 2:": o 2!( 1 __e_,whm(l_%)az)
= 2 (A4 ™ (p (A8 ™ +0(1)) = 122 ¥ (@ (D +o(1)).
Consequently, since the last expression ~A%%=(Ad*)*—~co, (5.4) yields

5.7 P(E covers E) = (1-2"%2%e~*(p (D) +o(1)))*

1 1 1 1 .

Taking p=oalog—+aloglog —+log ¢ [a;log —‘;)+a logoa+x, the right hand
a a

side of (5.7) converges to exp (—e™) as a—0. Consequently, cf. (2.9),

1 1 1 1} 4
(5.8 Z,—u [logz +loglog ;] —aloga—loge (a;log—a- U,

as a—~0 through values satisfying (5.2). (We do not know whether (5.8) holds for
unrestricted a.) By (2.18), we may here replace Z, by a’N, (provided m, (¥)=1).
We repeat that this example suggested the conjecture at the end of Section 2.
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