ON THE SUMMABILITY OF DERIVED FOURIER SERIES
B. J. BOYER

1. Introduction. Bosanquet (|1] and [2]) has shown that the
(C, @ + r), a > 0, summability of the rth derived Fourier series of a
Lebesgue integrable function f(x) is equivalent to the (C, ) summability
at ¢t = 0 of the Fourier series of another function w(t) (see (4), §2) in-
tegrable in the Cesaro-Lebesgue (CL) sense. This result suggests the
following question: Is there a class of functions, integrable in a sense
more general than that of Lebesgue, which permits such a characteriza-
tion for the summability of 7th derived Fourier series and which is
large enough to contain w(t) also?

In this paper it will be shown that such a characterization is pos-
sible within the class of Cesaro-Perron (CP) integrable functions for a
summability scale more general than the Cesaro scale (Theorems 1 and
2, §4). Theorem 3 provides sufficient conditions for the summability of
the Fourier series of w(t) in terms of the Cesaro behavior of w(t) at
t=0.

Integrals are to be taken in the CP sense and of integral order,
the order depending on the integrand.! It will be convenient to define
the C_,P integral as the Lebesgue integral.

2. Definitions. A series Ju, is said to be summable (a, B) to S if

lim B (1 — vjn)* log=#(———Ju, =S
noe V<N 1-— IJ/?’L
for C sufficiently large, where B = logfC and C > 1. (It is sufficient
to say for every C > 1.
The function ), g(x) is defined by the equation:

(1) N (@) + g () = gg:(l — w= log# < Jetua.
(2) P(t) = p(t, r, 2) = 3 f(® + 1) + (=1) f@ —1)] .
3 P(t) = P(t,7) = 5 —Go=u__prou
( ) ( ) - ( ’ ’i") - igo (T:T)’t .
(4) w(t) = t~"[p(t) — P(t)],

! Many properties of CP integration have been given by Burkill ([4], [5] and [6]) and
by Sargent [7]. Other properties used in this paper can easily be verified by induction.
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2 Bosanquet and Linfoot [3]. They have also shown the consistency of this scale for
a’ >aor a =a,B > B.
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