CENTERS OF PURITY IN ABELIAN GROUPS

R. S. PIERCE

This note is a supplement to the paper [5]' of J. D. Reid “On
subgroups of an abelian group maximal disjoint from a given sub-
group.” Our main result is based on the observation that in the case
of primary groups, a bit of extra information can be gleaned from
Reid’s Theorem 2.1. We are led to the following characterization of
the “centers of purity” in a p-group.

THEOREM 1. Let G be a p-group. For each integer k = 0, define
P, = G[p] N p*G. Let P.=G[p] NG, and P.,,=P..,=0. Let H
be a subgroup of G. Then H is a center of purity in G (that s,
every subgroup of G which is maximal with respect to disjointness
Srom H 1is pure) i1f and only if there exists k with 0 <k < o
such that

PkQH[p]QPkH-

It is easy to see that if G is a torsion group and H is a sub-
group of G, then H is a center of purity in G if and only if every
p-component H, of H is a center of purity in the corresponding p-
component G, of G. Thus, Theorem 1 can be used to determine the
centers of purity in torsion groups. The following result shows that
the centers of purity in arbitrary groups can also be characterized.

THEOREM 2. A subgroup H of an abelian group G is a center
of purity in G if and only if the following two conditions are
satisfied:

(i) the torsion subgroup H, of H is a center of purity in the
torsion subgroup G, of G;

(ii) either G/H is a torsion group, or else, for all primes p,

Hlpl = () G .

The problem of characterizing centers of purity in p-groups was
first posed by J. M. Irwin in [2]. Irwin showed that any subgroup
of a p-group G which is maximal disjoint from G' is pure in G. In
[3], Irwin and Walker extended this result to arbitrary abelian groups.
They also showed that if G is a torsion group and H is a subgroup

Received May 16, 1962, and in revised form July 12, 1962. This paper was written
while the author was a Senior Postdoctoral Fellow of the National Science Foundation

at the University of California, Berkeley.
1 In this issue.

215



