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MONOTONE APPROXIMATION

0 . SHISHA

How close can one approximate a monotone function by a
monotone polynomial of degree ^ n, or a convex function by
a convex polynomial of degree ^ nt This leads to the follow-
ing general question. Let k and n be given, and suppose a
real fuction / satisfies f{k)(x) ^ 0 throughout a closed, finite
interval [a, &]. How close can one approximate / on [α, b] by
a polynomial of degree ^ n whose A th derivative, too, is ^ 0
there? We give an answer to the question.

2 THEOREM 1. Let k and p be integers, 1 ^ k ^ p, and let a
real function f satisfy throughout [α, b]

f{k)(χ) ^ o ,

λ being a constant. Then for every integer w(Ξ> p) there exists a

real polynomial Qn(x) of degree1 ^ n such that

( a ) Q{

n

k)(x) ^ 0 throughout [α, 6],

( \ p—lc + l Γ P "1—1

4 ) (6-oHiSι!Π(n + l-v) .
3* To prove Theorem 1, we begin by quoting the following result

of J. Favard [2] and N. Ahiezer and M. Krein [1] which strengthens

a previous result of D. Jackson.

THEOREM 2. (Favard, Ahiezer-Krein) Let f (with period 2π)

map the reals into the reals, and satisfy for every real xu x2

(1) 1/(^-/(^)1^x1^-^1 ,

λ being a constant. Then for n = 0,1,2, , there exists a

trigonometric polynomial Tn(x) = Σv=o ain) cos vx + bin) sin vx such that

^ \f(x) - Tn(x) \ < X(π/2)[l/(n + 1)].

From Theorem 2 one obtains by the method of [3], pp. 13-14 the

following

THEOREM 3. Let f be a real function satisfying (1) throughout

[a,b], λ being a constant. Then for n — 0,1,2, •••, there exists a
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1 By degree of a polynomial we mean its exact degree. (The degree of the poly-

nomial 0 is —1).
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