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HOMOLOGY OF A GROUP EXTENSION

YASUTOSHI NOMURA

A topological method has been used by Ganea to derive
the homology exact sequence of a central extension. In the
same spirit a homology exact sequence is constructed for a
group extension with certain homological restrictions. An
immediate consequence is an exact sequence of Kervaire which
is of some significance in algebraic iΓ-theory.

Let

( 1 ) 1 >N-+ G >Q >1

be an extension of groups. Each element g of G induces an automor-

phism θ(g): N -^> Nviaθ(g)n = gng"1 for neN. In what follows we

denote by Hk{G) the fcth homology group of G with coefficients in the

additive group of integers Z, on which G operates trivially. Let Γk

denote the subgroup of Hk(N) generated by θ(g)*c — c, c e Hk(N), g e

G. We say that G operates trivially on Hk(N) if Γk = {0}.~~Let Nx

G be the semi-direct product of N and G with respect to the opera-

tion θ{g) and let Pk denote the kernel of π*: Hk(N x G) —• Hk(G), where

π: N x G —> G is given by π(n, g) = g. We shall prove

THEOREM 1. Suppose n = 1 or Hk{N) = 0 for 1 ^ k ^ n — 1 (n^
Then there exists an exact sequence

P2n > H2n(G) > H2n(Q) > P 2 n-i > >Pn+ί > Hn+1(G)

> Hn+1(Q) > Hn(N)/Γn > Hn(G) > Hn(Q) > 0 .

Further assume G operates trivially on Hn{N) and that H^Q) = 0.

Then there exists an exact sequence

Hn+ι(N) > Hn+1(G) > Hn+1(Q) > Hn(N) > Hn(G) > Hn{Q) > 0 .

We note t h a t the first part of Theorem 1 for n = 1 is just Theo-

rem 3.1 of [7].

Now we call an epimorphism / : R—>Hr central if Ker / is con-

tained in the center of H. Let
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