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NORMED KOTHE SPACES AS INTERMEDIATE
SPACES OF U AND L^

STUART E. MILLS

Let (J, Σ, μ) be a totally <7-finite measure space and let
M{Δ) be the set of all complex-valued //-measurable functions
on Δ. This paper is concerned with determining whether
certain classes of normed Kothe spaces (Banach function spaces)
are intermediate spaces of L1=L1(i«) and Loo—Looiμ). It is proven
that Lx Π Loo and Lλ + LM are associate Orlicz spaces and that
for every nontrivial Young's function φ there is an equivalent
Young's function φx such that the Orlicz space LMΦl is an inter-
mediate space of Lx and L^. The notion of a universal Kδthe
space is presented and it is proven that if A is a universal
Kδthe space then L 1 ΠLooC^cLi + LM. Furthermore, if A
is normed, in particular A — Lp, then there is an equivalent
universally rearrangement invariant norm ρλ for which LPl

is an intermediate space of Lx and L^.

1Φ Introduction* Let Xι and X2 be two Banach spaces contained
in a linear Hausdorff space Y such that the injection of Xι(i — 1,
2) into Y is continuous. Denote the norm of X{ by || \\t. The space
X1 Π X2 is the set of all elements which are in both X1 and X2, and
the space X, + X2 is the set of all feY of the form / = f, + f2

with fι e X, and f2 e X2. The spaces Xι Π X2 and Xx + X2 are Banach
spaces under the norms | | / |U i n χ 2 =max{ | |/ | | 1 , | | / | | J and | |/| |χ ι + Z a =
inf{||/1 | |1 + | [ / 2 | | 2 : / - / 1 + / 2,/ ί6X i} (see [1, p. 165, Prop. 3.2.1]).
A Banach space XaY satisfying Xι n X* c X c X L + X2 and ||/| |χ1 +χ2

^ ll/llx ^ II f\\Zl(\x2 i s called an intermediate space of XL and X2.
Much work has been done on intermediate spaces and the related

topic of interpolation theory. (See [1], [2], [12].) In particular, it has
been shown that the Lebesgue spaces Lp and the Lorentz spaces Lpq

([6] and [7]) are intermediate spaces of Lx and L^. In this paper
we investigate what other classes of normed Kothe spaces are inter-
mediate spaces of Lx and Lw. In §7 we introduce the notion of a
universal Kothe space, which we prove to be equivalent to Luxem-
burg's notion of a universally rearrangement invariant Kδthe space
[9J. We have been able to show that if A is a universal Kδthe space,
then hι n £« c A c Lx + !/„,. Furthermore, if A is normed, in particular
A = Lp, then there is an equivalent norm pί which is universally
rearrangement invariant and LPl is an intermediate space of Lx and L^.

Section 2 contains preliminaries and §3 deals with Orlicz spaces.
We show that Lx n L^ and Lγ + L^ are Orlicz spaces and prove that
they are associate Orlicz spaces. It is shown that for any nontrivial
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