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ON THE LATTICE OF NORMAL SUBGROUPS
OF A DIRECT PRODUCT

MICHAEL D. MILLER

Suzuki has determined that if G is a direct product
G = Π^jG, of groups Gt ^ 1, then the lattice L(G) of subgroups
of G is the direct product of the lattices L(Gi) if and only if the
order of any element in G, is finite and relatively prime to the
order of any element in G,(ίV /). An exercise in Zassenhaus' The
Theory of Groups asks the reader to prove an analogous result
for the lattice of normal subgroups. In §1, we derive this result
for the case of the direct product of two groups. (The generaliza-
tion to the direct product of any finite number of groups is
straightforward.) In §2, we use results obtained in §1 to study
in detail the normal subgroup lattice of the direct product of
finitely many symmetric groups.

1. The lattice of normal subgroups. If Gλ and G2 are
groups, we denote elements of the direct product Gx x G2 by ordered
pairs (a, />), a E Gu b E G2. If A and B are subgroups of a group G, we
define [A,B] = (aba~ιb~ι\a E A, b E B), and note that if A < G, then
[A, B]<lA. We let pi and p2 denote the first and second projection
maps on Gλ x G2, and finally, we denote by o(g) the order of the element

g
If N is a subgroup of Gx x G2, we put Nγ = p\{N) and JV2 =

p2(N). Thus Nι is a subgroup of G, , called the ith projection of
N. Furthermore, if N < Gx x G2, then Ns < Gf,

LEMMA 1. IfN<Gιx G2, then N D [Gu JV,] x [G2, N2].

Proof. Let a E Nλ. Then there exists y E N 2 such that (a,y)E
N. Thus ( α ^ y - ^ E N , and since N<GιxG2, (g, l)(α, yXg'1,1) =
(g^gΛ y) e N. It follows that (gag-\ y){a'\ y~ι) - (gag^a~\ 1) E ΛΓ, so
N D [Gu NJ X {1}. Similarly, N D {1} x [G2, N2], completing the proof.

The following lemma, whose proof is immediate, will be used in the
discussion that follows.

LEMMA 2. Let G be a group, H < G. Then any subgroup L of G
such that [G,H]CL CH is normal in G.

Since [GλxG2,A x J5] = [Gu A] x [G2,B] whenever ACGUBC
G2, if N < Gi x G2 with projections Nx and N2, then any subgroup of
GiXG2 lying between [GuNi]x[G2,N2] and Nx x N2 is normal in
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