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INCLUSION RELATIONS BETWEEN POWER
METHODS OF LIMITATION

ABRAHAM ZIV

Let p(x) = Σ Pkχk be a power series with pk(k — 0,1, •)
complex numbers and 0 < pp g oo its radius of convergence,
and assume that P(x) Φ 0 for 0 ̂  ap ^ x < pp. The power
method of limitation, P, is defined by

oo

lim p s = lim Σ PkSjcXk/P(x) (% real)
χ-^pp- fc=o

(provided the series converges in [ap, pp) and the limit exists
and is finite). Abel and Borel methods are the best known
power methods. In this article inclusion relations between
two power methods are investigated. Several theorems are
proved, which lead to necessary and sufficient conditions, for
inclusion, that are correct under some fairly moderate
restrictions.

!• Introduction* Let P(x) = X, pkx
k be a power series with

pk(k = 0, 1, ) complex numbers and 0 < ρp ^ oo its radius of con-
vergence, and assume that P(x) Φ 0 for 0 ^ ap <̂  x < pp. The power
method of limitation, P (see Wlodarski [19] and Birkholc [2]), is
defined by

liπip s = Km J£ pkskx
k/P(x) (x real)

(provided the series convergences in [ap, pp) and the limit exists and
is finite).

The power method Q is defined analogously by Q(x) — X qkx
k and

parameters aq, pq.
The best known power methods are the Abel method and the

Borel exponential method. Other power methods which appear in the
literature are Aλ, L and (B, α, b) (for more details see next section).

We are concerned here with inclusion relations of the form
P Q Q. There are several results in the literature in this direc-

tion. Thus, Borwein proved (see [4], [5] and [8]) that Aλ £ Aμ,
Aμ g Aλ provided — 1 < μ < λ, that Aλ Q L, L §£ Aλ provided λ > — 1
and that (B, a, β) £ (B, a, b) provided α > 0 , - o o < / 3 ^ 6 < + o o .

Other results, obtained by Borwein [4], [8] and Hoischen [12],
are of a more general nature. Both authors investigated inclusion
relations between power methods whose coefficients, {pk}, {qk}, are as-
sumed, a priori, to be related by some particular cases of the relation
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