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A COMBINATORIAL PROBLEM IN FINITE FIELDS, I

GERALD MYERSON

Given a subgroup G of the multiplicative group of a
finite field, we investigate the number of representations
of an arbitrary field element as a sum of elements, one
from each coset of G. When G is of small index, the theory
of cyclotomy yields exact results. For all other G, we obtain
good estimates.

This paper formed a portion of the author’s doctoral
dissertation.

Let » =2n + 1 be an odd prime. Consider the 2" sums repre-
sented by the expression
+1+2+8F£ s £m.

How do these sums distribute themselves among the residue classes
modulo »p? The answer is, as uniformly as possible; in fact, if we
define N(a) as the number of ways of choosing the signs so that
+1+2+ ... +n = q (mod p) then we have

THEOREM 1.

N(a) = %(2” — (%)) for a = 0 (mod p) ,

w0 =1 - (2) 4 (2).

Here (2/p) is the Legendre symbol, that is,

(2> _ {1 if 2 is a quadratic residue (mod p)

; —1 of 2 48 not a quadratic residue (mod p) .

Our proof of Theorem 1 will rest on the following lemmas.
LEMMA 2. If ab = 0 (mod p) then N(a) = N(b).

Proof. Assume 3, uk = a(mod p), with u,c{l, —1}. Since
ab # 0 (mod p) there is a ¢ such that ac = b (mod p). Thus we have
S wek = b (mod p). Now for k=1,2, ---, n, let ck=w,/m, (mod p),
where 1 < m, < n, u,/€{l, —1}; these conditions determine m, and
u;, uniquely. Thus,

il

b g ek = kz,luku;m,, = kg,luk"mk (mod p) ,

k=1
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