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Note on Chain Conditions in Free Groups

By Mutuo TAKAHASI

§ 1. The purpose of this paper is to see what types of chain conditions
hold in free groups.

In a previous paper? the author proved that the maximum condition
holds on such subgroups of a free group F that are all generated by a
finite number » of elements, for any prescribed natural number ». That
is, if

HCH,Z.. <CH,Z..
is a sequence of subgroups in a free group F and every H, is generated
by r elements, then the sequence is finite. This fact was proved also
by H. Higman independently.?

Of course, in a free group the minimum condition on subgroups of
the same type does not hold in general. But we can prove that a type
of restricted minimum condition holds (Theorem 3). This can be proved
as an immediate consequence of a theorem (Theorem 2) which is useful
in some researches for sequences of subgroups in a free group.

The results obtained by M. Hall in his recent paper®, on descending
sequences of subgroups in a free group, are slightly generalized in ours
(Theorem 4), and this generalization enables us to prove the result of
F. Levi® too, from which the Hall’s results can be derived immediately.

§2. Let F be a free group with a set X={«,} of free generators. Any

element f of F is uniquely expressible in its normal form zf:wfzz af:,

where the x; are elements out of X, ¢ = %1, and two relations

X, = and §&,+¢&,,,=0

do not hold simultaneously for any »=1, 2, ..., A—1. The number
A=X(f) is called the lengt# of f. The cardinal number of X is called
the rank of F. The rank is determined uniquely by the group ¥, not
depending on the choice of its set of free generators.
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