ON MONTEL’S THEOREM

YOSHIRO KAWAKAMI

1. In this note we shall prove a theorem which is related to Montel's
theorem [1] on bounded regular functions. Let E be a measurable set on the
positive y-axis in the z(= x + iy)-plane, E(e, ) be its part contained in
0=£a=y<b and |E(q, b)| be its measure. We define the lower density of
E at y=0 by
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Lemya, Let E be a set of positive lower density 2 at y=0. Then E con-
tains @ subset Ei of the same lower density at y=0 such that E;\U{0} is a

closed set.

Proof. Let 7a=1/n (n=1,2,...). There exists a closed subset
Ei(7n+1, 74) of E(#a+1, 7s), such that

lEl(rn+l, fn)l = BHIE(7n+1y fn)l (n =1’ 2: « o e )7
. !
Wlth 6,,—-1—- *—77' We put

E = %El(’i’n&fl, fn).
Then if 7, <7 £ 744,

B0, ) B Bulrivs, 7| 2 84 O, )],

so that
IEl(O, 7')[ > IEI(O, fn)l On > [E(O, 7’1:)[ . Tn On,
7 7 n Tn-1
whence
21 =lm [E(O, 7)[ éli_rg IEl(O; r)l %HE_LEL(QLM)I =2
ro>0 7 =0 7 n>x ”
Hence

Received December 7, 1955; revised April 12, 1956.

125



