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A CHARACTERIZATION OF THE VERONESE VARIETIES*

KATSUMI NOMIZU

Let Pm(C) be the complex protective space of dimension m. In a
previous paper [2] we have proved

THEOREM A. Let f be a Kaehlerian immersion of a connected,
complete Kaehler manifold Mn of dimension n into Pm(C). If the image
f(τ) of each geodesic τ in Mn lies in a complex projective line Pι(C) of
Pm(C), then f(Mn) is a complex projective subspace of Pm(C), and f is
totally geodesic.

In the present note, we shall first provide a much simpler geomet-
ric proof of this result and then give a characterization of the Veronese
varieties by means of the notion of circles in Pm(C). Generally, a curve
x(t) with arc-length parameter t in a Riemannian manifold is called a
circle if there exists a field of unit vectors Yt along the curve, which,
together with the unit tangent vectors Xt, satisfies the differential equa-
tions

VtXt = kYt and VtYt = -kXt ,

where k is a positive constant (see [4]).
By the Veronese variety we mean the imbedding of Pn(C) into Pm(C),

where m = n(n + 3)/2, which is defined as follows. Let S2n+1 be the
unit sphere in the complex vector space Cn+1 with the standard hermitian
inner product (z, w) and corresponding real inner product (z, w> = Re (z, w).
On the other hand, the set of all complex symmetric matrices of degree
n + 1 can be considered as the vector space Cw+1, where m = n(n + 3)/2,
in which the standard hermitian inner product can be expressed by

(A,B) = traceAB , A,Be Cm+ι .

The mapping v which takes xeCn+1 into xtxeCm+1 maps S2n+1 into the
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