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N-MANIFOLDS CARRYING BOUNDED BUT NO DIRICHLET

FINITE HARMONIC FUNCTIONS

DENNIS HADA, LEO SARIO, AND CECILIA WANG

Among the most remarkable results in the theory of harmonic func-
tions on Riemann surfaces is the strictness of the inclusion relations
OG<OHB<OHD9 established by Ahlfors [1,2], Royden [2,4], and Tδki
[8] two decades ago. Subsequently the strictness of the relations OG <
OHP < OHB was shown and a somewhat simpler proof of OHB < OHD given
by Sario [5] and Tδki [9]. Here OG is the class of parabolic surfaces,
and OHP9OHBiOHD stand for the classes of surfaces which do not carry
nonconstant harmonic functions which are positive, bounded, or Dirichlet
finite, respectively. The corresponding nonstrict inclusion relations extend
readily to Riemannian manifolds of any dimension, and so does the strict-
ness of OG < OHP < OJIB (see e.g. Sario-Schiίfer-Glasner [7] and Sario-
Nakai [6]). In contrast, the strictness of OHB < OHD has remained an
open problem. The purpose of the present paper is to submit an ex-
ample which solves the problem in the affirmative for an arbitrary dimen-
sion N. In the process we also obtain complete characterizations of the
Poincare Λf-ball in OHB and OHD. This manifold plays an important
role in the harmonic and biharmonic classification theory.

1. For iV > 3, consider the iV-ball Bξ = {\x\ < 1, x = (χ\ ., xN), ds}
with the Poincare-type metric ds — (1 — |x|2)α|cte|, a constant.

THEOREM 1. BN

a & OHB &a< 1/(N - 2), N > 3.

Proof. For the necessity, observe that a radial function h(r), r =
\x\, is harmonic if and only if

Received November 16, 1972.
The work was sponsored by the U.S. Army Research Office-Durham, Grant DA-ARO-

D-31-124-71-G181, University of California, Los Angeles.
MOS classification 31B05.


