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DAMPING OPERATORS IN CONTINUUM MODELS
OF FLEXIBLE STRUCTURES:
EXPLICIT MODELS FOR PROPORTIONAL DAMPING
IN BEAM TORSION
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Abstract. A new, explicit representation of damping operators for strictly pro-
portional damping for the torsion mode of a finite beam is presented. The damping
operator is the square root of the stiffness operator (enhanced to include the bound-
ary) and is calculated using the Balakrishnan formula. It is nonlocal, and for the
clamped (or “fixed”) end case, turns out to be a finite-limit version of the Hilbert
transform; with end mass (or boundary control), the square-root operator intro-
duces nonlocal terms on the boundary as well.

1. Introduction. In the design of active controllers for stability argumentation
of flexible structures, it is naturally important to have a model for the inherent
passive damping already present. Often, it is assumed that the damping in each
mode is strictly proportional to the mode frequency. If, as in [1], we formulate the
problem in the abstract wave equation form as

Mi(t) + Az(t) + 2¢Da(t) + Bue(t) = 0,
for strictly proportional damping, it is necessary that (see [1])

D = VMVTVM,

where
T=vM-1AVM-1
Usually, M commutes with A so that
D =VMVA.

The problem, then, is of calculating VA in each concrete case which turns out to
be nontrivial, in general, even though the theory is well developed [4, 5]. In this
paper, we present an explicit calculation of the square root for the case of beam
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