Commun. Math. Phys. 158, 517-536 (1993) Communications in

Physics

© Springer-Verlag 1993

Perturbation Theory for the Decay Rate
of Eigenfunctions in the Generalized
N-body Problem

I. Herbst!
Department of Mathematics, University of Virginia, Charlottesville, VA 22903, USA

Received November 20, 1992

Abstract. Simple examples are known where eigenfunctions decay faster than the
usual upper bounds would lead one to believe. We develop aspects of the perturba-
tion theory of the decay rate of eigenfunctions as measured by radial exponential
weights. We show that generically (in a Baire category sense) eigenfunction decay
rates are governed by the lowest threshold.

1. Introduction

There is now an enormous literature on exponential decay of eigenfunctions in the
N-body problem. The best known upper bonds are due to Agmon [Al]. If H is
the generalized N-body Schrédinger operator (see Sect. II for details), and
E < Zo(H) = inf 6.(H), these bounds state that any L? solution of Hy = Ey
satisfies

W) < c,e”®, ally<1, (L1

where p 4(x) is the distance to the origin in the “Agmon metric” [A1]. If y(x) is the
unique ground state with eigenvalue E < Xo(H), it is known [CS] that

W(x)| = & e ", ally>1, 1.2)

with &, > 0, but for other eigenfunctions lower bounds are harder to come by. We
mention here some results of [FH1, 2] in this direction: Define

a, = sup{a = 0: exp(a|x|)yeL?} .

Then o, + E is a threshold or + oo. (The possibility + oo can be eliminated with
certain assumptions about the potential which we will not make here.) The set
J (H) of thresholds is a closed countable set to be defined later. Suffice it to say for
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