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Abstract. By using Sato's infinite dimensional Grassmannian theory of the KP
hierarchy, we study the global structure of the theory space of 2D quantum gravity
coupled to various minimal conformal fields labeled by a pair of integers (p, q).
After giving a rigorous proof of the equivalence of Douglas's equation and the
Schwinger-Dyson equation (^-constraint on a τ function), we establish the p-q
duality of the (p, q) quantum gravity at Green's function level. As an application,
we discuss the metamorphosis of operators under unitarity-preserving renormal-
ization group flows.

1. Introduction

Recent developments in two-dimensional (2D) quantum gravity have revealed
a great deal of its mathematical and physical structures [1]. However, our under-
standing of the theory has not yet reached a stage that we can extract enough
information for constructing, for example, a general framework for higher dimen-
sional gravities. In order to make further developments in this direction, it is
essential to find a universal formulation that describes the operator structures of
the whole theory space of 2D gravity. At present, we have two promising formula-
tions; one is based on Douglas's equation [2] and the other on the Schwinger-
Dyson (S-D) equation [3, 4] (and an equivalent approach based on the action
principle [5, 6]). Either of them, however, is not completely satisfactory, but they
are complementary to each other in the following sense. The former is suitable for
describing the theory space but not convenient for examining the relations among
various operators. On the other hand the latter makes the operator structures
manifest but does not give a completely universal description of the whole theory
space. In fact, in the latter formulation 2D gravities coupled to (p, q) conformal
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