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Convergence of the Quantum Boltzmann Map
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Abstract. We consider a non-linear map on the space of density matrices,
which we call the Boltzmann map τ. It is the composition of a doubly stochastic
map T on the space of n-body states, and the conditional expectation onto the
one-body space. When Tis ergodic, then the iterates of τ take any initial state to
the uniform distribution. If the energy levels are equally spaced, and T
conserves energy and is ergodic on each energy shell, then iterates of τ take any
initial state of finite energy to a canonical distribution.

1. Introduction

(1.1) This paper is the quantum version of [1]. Let Jf be a Hubert space with
dimJ f = N ̂  oo. A (normal) state ρ is then a positive operator with unit trace. We
denote the set of trace-class operators by ^(^f)1 and the normal1 states by σ(J f).
A stochastic map is a linear map T from USffl) to @β(2P} mapping σ(2tf ) to itself and
preserving the trace: Tr(Tρ) = Trρ, ρe^S^)^ A doubly stochastic map is a
stochastic map T such that TIN = 1N, where 1N is the identity on ffl [4].

A unitary or anti-unitary conjugation ρ\-+Tρ=UρU~1is doubly stochastic, as
is any convex combination of such maps.

(1.2) Let Jf be a Hubert space, the one-particle space, and

(1.3) let Jf = Jf (x) . . . (x) Jf (n factors) be the rc-particle space.

We shall be interested in a doubly stochastic map T: J>pf)->^(Jf) that
preserves the symmetry under permutations of the factors JΓ. To such a T we
define the corresponding Boltzmann map τ to be the composition of maps:

(1.4) ρ h-> ρ® . . . ® ρ i— » T(ρ(x) . . . ®ρ) h-> Tr2 MT(ρ(x) . . . ® ρ) = τ(ρ) .

Here, Tr2 „ means the trace over the second, third, ...,rcth factors Jf. Obviously,
(1.4) defines a non-linear map τ : σ(Jf )->σ(Jf ).
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