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Analyticity Properties of the Feigenbaum Function
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Abstract. Analyticity properties of the Feigenbaum function [a solution of
g(x)= — A" *g(g(Ax)) with g(0) =1, 4'(0) =0, g"(0) < 0] are investigated by studying
its inverse function which turns out to be Herglotz or anti-Herglotz on all its
sheets. It is found that g is analytic and uniform in a domain with a natural
boundary.

0. Introduction

In the theory of successive period doublings of one-parameter families of smooth
mappings of the interval [ — 1, 1], an important role is played by one particular such
function, here denoted g, which is a solution of a certain functional equation [see
Eq. (1) below]. This theory is expounded at length in references [ 5, 6, 2—4, 8] and will
notberecalled here. The purpose of this note is to indicate a few analyticity properties
of this function, which might, in the future, throw some light on the still somewhat
mysterious aspects of this theory.

Proofs of the existence of g have been provided successively by Lanford [7, 9],
Campanino et al. [ 1], and again by Lanford [10]. None of them is truly satisfactory
(see comments in [8]).

0.1. Notations

We denote IT, = —IT_={{eC:Im{ >0} the open upper half plane. ¢ will always
denote the complex conjugate of {€ C, and, to avoid confusions, the closure of a set E
will be denoted E°. A holomorphic function ¢ of a complex variable is called “self-

conjugate” if o(¢)=a(0).
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