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Invariant Measures for Markov Maps of the Interval*

Rufus Bowenf

Abstract. There is a theorem in ergodic theory which gives three conditions
sufficient for a piecewise smooth mapping on the interval to admit a finite
invariant ergodic measure equivalent to Lebesgue. When the hypotheses fail in
certain ways, this work shows that the same conclusion can still be gotten by
applying the theorem mentioned to another transformation related to the
original one by the method of inducing.

It is often difficult to decide whether a given map / : 1^1 of an interval admits an
invariant measure equivalent to Lebesgue measure. Piecewise differentiable /
which are expanding [i.e., inϊ\(fn)'(x)\>l for some ή] have such measures under
mild additional hypotheses [1, 11, 8, 13,16]. This paper gives sufficient conditions
for certain nonexpandings maps to have invariant measures. This result unifies a
number of examples and its conditions are quite computable.

A map /:/—•/ of the interval J = [α, b~\ is Markov if one can find a finite or
countable collection {/J of disjoint open intervals such that

a) / is defined on vlk and /\u/ fc has measure zero.
b) f\Ik is strictly monotonic and extends to a C 2 function on Ίk for each k,
c) if/(/ f c)n/. + 0, then f(Ik)Dlp and

R

d) there is an R so that (J fn(Ik)Dlj for every k and;.
« = l

A measure μ on / which is equivalent to Lebesgue has the form μ(E) = J p(x)dx
E

where p(x) is a positive measurable function. We will be trying to understand and
apply the following result of Adler [1, 2] 1 .

f"(z)Adler's Theorem. Let /:/-•/ be Markov, M = s u p sup
Ik y,zelk f'(yf

< + oo and

λn = inϊ\(fny(x)\>l for some n. Then f admits an invariant finite measure
X

dμ = p(x)dx with p(x) bounded away from 0 and + oo.


