Commun. math. Phys. 43, 221—223 (1975)
© by Springer-Verlag 1975

When is a Field Theory a Generalized Free Field?
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Abstract. We show within a scalar relativistic quantum field theory that if either some even
truncated n-point-function vanishes or some multiple commutator of the field operators is a c-number
then the field is necessarily a generalized free field.

L

The generalized free fields are well known examples for relativistic quantum
field theories. Introduced in 1961 by Greenberg [1] they have been extensively
studied since then. Of special interest was the question under what conditions
a field theory is necessarily a generalized free field. As shown by Dell’Antonio [2],
Robinson [3] and Greenberg [4] such a sufficient condition is that the support
of the field in momentum space excludes certain domains. Robinson [5] gave
another criterion namely the vanishing of the truncated n-point-functions beyond
some N. In this note we shall strengthen this result and prove — with entirely
different methods than Robinson — that if an arbitrary even truncated Wightman
function vanishes the field must be a generalized free field.

II.

We consider a relativistic scalar field A(x) which we assume to fulfill Wightman’s
axioms [6,7]. We denote the vacuum state by Q and the n-point-functions by

WoXys .0 x)=(Q, A(xy), ..., A(x,)2).

Without restriction we can assume (Q, A(x)Q2)=0. The truncated n-point-functions
[7] are recursively defined by

W (x)=#T1(x) [and therefore # 1(x)=0]
Wn(xl ERRRY) xn) = Zpartitions W}i(xh(l)' . 'xl1(r1))
X W,TZ(x,z(l)...x,l(,z))...W,Ts(xls(l)...x,s(,s)).

Now we are able to formulate
Theorem 1. If #'1,(x,...x,,)=0 for some n=2 then

[--[AGxy), A(xy)]- . AGx,)] = (2, [...[A(xy), A(x))]... A(x,)]Q)T- 1.



