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ON THE DISCRETE SPECTRUM
OF CERTAIN DISCRETE GROUPS

ISAAC EFRAT

Our purpose in this note is to announce certain results in the har-
monic analysis of discrete cofinite subgroups that act on the build-
ing attached to the group PGL,(K), where K is a local field over
a function field. These results all stand in sharp contrast to known
theorems for the subfamily of congruence subgroups, and settle the
function field case of conjectures made in the analogous context
of SL,(R).

This basic setup in which our problem arises (see [Sel]) is that of
a discrete subgroup I' acting on the upper half-plane H = SL,(R)/
SO,(R), so that the quotient is of finite volume but not compact,
that is, a surface with finitely many cusps. One then forms the
space L’ (I"'\H) of TI'-automorphic C-valued functions that are
square integrable on this quotient, and studies its decomposition
into subspaces spanned by discrete and continuous spectra of the
invariant differential operators, which here are generated by the
Laplacian. Of particular interest are the cusp forms, which are the
discrete eigenfunctions that decay rapidly at all cusps, and which
include those whose eigenvalues are imbedded inside the contin-
uous spectrum (the latter is constructed using Eisenstein series).
The question is then whether such cusp forms actually exist, and
if they do, whether their contribution to the space of square inte-
grable functions is in a suitable sense maximal.

When I is a congruence subgroup, all discrete eigenfunctions
(except for the constants) are cuspidal, and these occur abundantly.
Indeed if we parametrize the discrete spectrum by the Laplace
eigenvalues 0 = 4, < 4, < 4,... and let N(T) stand for the
number of these in [0, T], then it is known that

(1) N(T)~cT asT — oo,
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