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Differential geometry can be described as the study of rc-mani-
folds M having geometric structures. This ceases to be tautolog­
ical when we expand on the meaning of a "geometric structure." 
One is given a Lie subgroup G c Gl (n, R), together with a co­
ordinate atlas {U , x } ^ , such that, on U n UR , the Jacobian 

J(xa o x j ) of the change of coordinates is G-valued. This geo­
metric structure, also called a G-structure, defines a reduction of 
the principal frame bundle F(M) to the group G. Such a re­
duction, whether or not it comes from a G-structure, is called an 
"infinitesimal G-structure." If it does arise from a G-structure on 
M, the infinitesimal G-structure is said to be integrable. 

A primary example is Riemannian geometry. This is the study 
of a manifold with a smoothly varying, positive definite inner prod­
uct (a Riemannian metric) on its tangent spaces. In the above ter­
minology, a Riemannian manifold is an «-manifold M, equipped 
with an infinitesimal (9(«)-structure. In this case, the Riemann 
curvature tensor is the obstruction to integrability, so an integrable 
Riemannian metric (an O(n)-structure) is a euclidean metric on 
M. All manifolds admit Riemannian metrics, but very few can 
support euclidean geometry. 

A /c-dimensional foliation & of an n-manifold M is another 
example of an integrable geometric structure on M. Here the 
structure group Gk is the subgroup of Gl (n, R) having lower left 
(n - k) x k block identically zero. The coordinate atlas can be 
described as {U , x , y } cfn, where 

, 1 2 n—ky. 


