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Hardy space theory has its classical origins in the work of G. H. Hardy and 
the brothers Riesz, but the modern origins of the subject begin with the 
theorem of A. Beurling in 1949. The Hardy space H2 is defined to be the space 
of functions ƒ analytic on the unit disk such that 
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The theorem of Beurling asserts that any such ƒ has an inner-outer factoriza
tion ƒ = bg where b is an inner function and g is an outer function. By 
definition an inner function is a function analytic on the unit disk whose 
nontangential boundary values have modulus 1 almost everywhere on the unit 
circle. An outer function can be defined as the solution of the extremal 
problem of finding the function g in H2 that maximizes |g(0)| among all 
functions with \g(eu)\ equal to a prescribed function on the boundary. Both 
inner functions and outer functions have finer structure; an inner function can 
be factored further as the product of a Blaschke product and a singular inner 
function while an outer function is characterized by having an integral repre
sentation of a certain form. It was recognized already by Beurling that this 
purely function-theoretic result has connections with operator theory. Indeed, 
from this theorem one can classify all the closed invariant subspaces for the 


