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B M O ESTIMATES AND RADIAL G R O W T H 
OF BLOCH FUNCTIONS 

BY B. KORENBLUM1 

1. Introduction. A real harmonic function u(z) in the open unit disk D 
belongs to the (real) Bloch space B if 

(1) ||U||B = sup{(l - |^|2)|gradtx| : z G D} < oo. 

The importance of the class B in both complex and harmonic analysis is 
highlighted by the following facts: 

(a) If ƒ(z) is a univalent analytic function in D, then u{z) = log | f'(z)\ G B 
and \\U\\B < 8; conversely, if u(z) G B and \\U\\B < 1, then there is a univalent 
analytic function f{z) in D such that u(z) = log|/ '(z)| (see [5, pp. 32, 172]). 

(b) The functions u G B coincide (up to a constant) with the derivatives 
(d/dx)U(relx) of harmonic functions U(z) such that U(elx) belongs to the 
Zygmund class A* (see [6, Chapter 7, §3]). 

Integrating (1) yields the following "trivial" estimate (we assume u(0) = 
0): 

(2) N * ) l < ^ H l B l o g i i j f | ( * € D ) . 

However, for Lp norms of u(z) on circles \z\ = r (0 < r < 1) a much deeper 
estimate, due to J. G. Clunie and T. H. MacGregor [1], holds (p > 0): 

/ i r27r \ V P 

(3) M v ) | | p = ( ^ y Hre^dxJ < Ap\\u\\B^\\og(l - r)\, 

where Ap are some constants (the case p = 2 was proved earlier by T. M. 
Flett [2, p. 71]). As shown in [1], (3) implies that 

(4) lim M y g \ , = 0 V J r - i - | l o g ( l - r ) | ï 
for almost all x whenever 7 > 1/2. 

The need to better understand the nature of such "nontrivial" estimates 
as (3) and (4) is the main motivation of this paper. In this context the use 
of the BMO norm for estimating Bloch functions on the circles \z\ = r looks 
more promising, since both norms are invariant under Möbius shifts of the 
argument. 

In what follows, a simple but sharp BMO estimate for Bloch functions is 
proved. This estimate, together with the John-Nirenberg theorem [3], is then 
used to obtain a stronger form of the asymptotic estimate (4). 

The author expresses his deep gratitude to T. H. MacGregor and R. O'Neil 
for many stimulating discussions. 

Received by the editors June 25, 1984 and, in revised form, July 7, 1984. 
1980 Mathematics Subject ChssifiœtUm. Primary 30C55, 42A99. 
Suppor ted by NSF grant MCS 82-01460. 

©1985 American Mathematical Society 
0273-0979/85 $1.00 + $.25 per page 

99 


