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MODULAR FORMS ASSOCIATED TO CLOSED
GEODESICS AND ARITHMETIC APPLICATIONS

BY SVETLANA KATOK

ABSTRACT. For any Fuchsian group of the first kind and any even
weight greater than 2, we prove that the relative Poincaré series as-
sociated to closed geodesics generate the space of cusp forms of the given
weight. Those series have very interesting geometrical and arithmetic
properties. For arithmetic subgroups of SL2 R (with or without cusps),
our construction allows us to define two natural rational structures on
the space of cusp forms.

Let T" be a Fuchsian group of the first kind, acting on the upper-half plane
X, i.e. a discrete subgroup of SL; R with vol(T' \ ¥) < co. For each integer
k > 2 the space of cusp forms of weight 2k on I, Sox(T"), is a finite-dimensional
complex Hilbert space with respect to the Petersson scalar product

()= [ [ ST 2 av

where dV = (dz dy)/y? is the hyperbolic measure on ¥ invariant with respect
to the action of SL2R

Notations. = (2 ) €T; 5(y,2) = ez +d; flaxy = f(v2)i(1,2) 2%,

The following proposition gives a general construction of cusp forms on I'.

PROPOSITION 1. LetT'y be a subgroup of T' and f(z) a function holomorphic
on Y satisfying:
(i) flaky = f for ally €T,.

(ii) J Jro\x |f(2)|(Im 2)* dV < co.
Then the relative Poincaré series

Fi)= ) (fl2x7)(@)
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converges absolutely on X, uniformly on compact sets, and F(z) belongs to the
space Soi(T").

To each hyperbolic element fyo = ‘:3) € I' (|tr 0| > 2) we associate a
quadratic function Q.,(2) = c2? + (d — a)z — b which has its zeros in the
two hyperbolic fixed points of vy and satisfies Q,(v02) = Q.,o(z) -7 %(0, 2).
Applying Proposition 1 with 'y = (7o) and f(2) = c/Q%(z) , we obtain a
relative Poincaré series, which we denote by 0% ,. Here c is an appropriate
normahzmg constant. We have 0y, = 0k 4, if 70 and ~y; are conjugate in I,
i.e. if they define the same closed geodesics on I'\ ¥. For each f € S (T") and
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