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The Laplace-Beltrami operator on the upper half-plane with respect to the 
hyperbolic metric is 

y \ dx2 dy2 J 

The arithmetic interest of the eigenfunctions of A invariant under the modular 
group T = SL(2, Z) and its congruence subgroups was signalled by Maass [17], 
who was inspired by earlier work of Hecke. If 7 E GL(2, Q) then Ty — y~lTy 
H F is of finite index in T. Thus if det y > 0 so that y also acts as a fractional 
linear transformation on the upper half-plane one can introduce the operator 

Ty'f- 2 f(yàz), l m z > 0 . 
serY\r 

It is called a Hecke operator. It commutes with A, and acts on its eigenspaces. 
The study of these operators and of those appearing in Hecke's work promises 
to be of considerable importance for diophantine problems, in particular for 
the investigation of the Dirichlet series to which the names of Artin and 
Hasse-Weil are attached. However the spectral theory of A on T-invariant 
functions is a purely analytic problem, of interest in its own right for any 
discrete subgroup T of SL(2, R) whose fundamental domain has finite volume. 
If the quotient of the upper half-plane by T is compact the spectrum is 
discrete, but otherwise there is a continuous spectrum and the corresponding 
eigenfunctions are called Eisenstein series. 

If the quotient is not compact there are cusps. By way of illustration we may 
assume that 00 is a cusp. This means that T contains a subgroup of the form 


