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0. On a closed, differentiable n-manifold M there exists a nowhere vanish-
ing vector field if and only if the Euler-Poincaré characteristic is zero, x(M) = 0.
If M is riemannian, one may ask whether or not it admits a vector field that is
parallel. Chern has shown that necessary conditions are that the first Betti num-
ber b; > 1 and that the second betti number b, = b, — 1, and he has conjec-
tured that these conditions are not sufficient [4]. It follows from a special case
of a subsequent result of Bott [2] that all the Pontryagin numbers of such a
manifold are zero. This is a restriction only if dimension M = 0 mod 4. The
purpose of this note is to announce some further necessary topological conditions.
We also exhibit a family of manifolds with x = 0 that satisfy the conditions of
Chern and Bott but still cannot admit parallel vector fields whatever the metric.
If the manifold is complex we can refine our results to deduce additional condi-
tions that are necessary for the existence of a Kéhler-parallel vector field. These
results are applied to the topology of compact homogeneous spaces (supplemen-
ting some similar results of Hurewicz and de Rham). Finally, we give some n-
dimensional generalizations of some classical results of Hurwitz on Riemann sur-
faces of genus > 2.

1. Let M" be an n-dimensional, closed, differentiable manifold and let
bj(M) = jth Betti number of M.

THEOREM A. If M" admits a vector field that is parallel with respect to
some riemannian metric then the Betti numbers of M satisfy:

by >1 and by, =by —by_,, forl<k<n-1
Notice that when k = 1 we have Chern’s condition: b, 2 by — 1.

Let M be a closed, complex z-manifold. Then the Hodge number #”*9(M)
is the dimension of HY(M, QP). For a Kahler manifold it is known that

2, 4q=H""(M) = bi(M) and we can refine Theorem A.
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