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1. Introduction. We introduce here a finite set of polynomials
orthogonal over N distinct points of [—1, 1] which are a very close
analog of the Legendre polynomials. This set appears to have most
of the properties of the Legendre (and ultraspheric) polynomials,
yet they are not Fejér “generalized Legendre polynomials” (Szegé
[4, §6.5]). These polynomials converge like 1/ N2 to the Legendrepoly-
nomials, in contrast to the Hahn polynomials (@ =8=0) which con-
verge like 1/N. (See Karlin and McGregor [2], Levit [3].) In every
respect, they appear to be a superior analog of the Legendre poly-
nomials than the Hahn polynomials (sometimes called the Gram or
Chebyshev polynomials of discrete least squares).

2. The inner product. The Hahn polynomials arise naturally from
equidistant point sets. In approximation theory, useful point sets are
the zeros of the Chebyshev polynomials of the first and second kind
(Tu(x) and U,(x)). Let p =w/(N+1), and ¢y =1¢. Let {;=cos(i¢p), and
w;=sin(i¢),i=1,2, - - -, N.Let [ , ]~ be the inner product defined
by [f, glv=2 tany DI, wif(t)g(t:), and let (f, g) = fL, f(D)g(t)de.

By means of the identity

N
> sin ka¢p = cotan a, a=1,3,5, - -,
= =0, a=024 -

one can show [1, 1]y=2, and that for fixed n, N=n=1, [t "]y
monotonically increases (with N) to (¢*, ), and that [i», ]y
= (", ") +O(1/N?).

If we let g,(¢; N), k=0, 1, - - -, N—1 be the monic form of the
orthogonal polynomials of [ , ]w, then, taking account of the sym-
metry of the inner product, the polynomials are given by the recur-
rence,

g=1, n=lt, Ini1 = G0 — Bn(N)gn—1, n=12---,N—-12

where 8.(N) = [¢n, ¢n]n/[¢n-1, ¢a—i]x. The polynomials g,(¢; N) are
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