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I shall begin by speaking about the extremals of an integral of the 
form 

(1) ƒ(*, G) = f f[x, z(x), Vz(x)]dx 
J o 

where G is a domain in R9
f 

(2) x = (x1, • • • , xv), z = (z1, • • • , 2*0, dx = dx1 • • • dxv, 

z(x) is a vector function, Vz denotes its gradient which is the set of 
functions {z,a} where z,a denotes dzi/dxa, and f(x, z, p) (p= {pa}) is 
generally assumed continuous in all its arguments. The integrals 
fi(l + (dz/dxy)^dx and JJ0[(dz/dxiy + (dz/dx*y]dxldx* are familiar 
examples of integrals of the form (1) in which N=l in both cases, 
v = 1 in the first case, and v = 2 in the second case and the correspond­
ing functions ƒ are defined, respectively, by 

f(x, z, p) = (i + p*y\ /(*, z, p) = (pxy + (p2y 

where we have omitted the superscripts on z and p since N= 1. The 
second integral is a special case of the Dirichlet integral which is 
defined in general by 

(3) D(z, G) = f | Vzfdx, f(x,z,p) = U f = E (Pa)\ 
J Q i,a 

Another example is the area integral 

'd(z2,z*)y Fd(zz, z1)!2 

JJo\ld(x\x^j Ld(x\x*)J 
(4) 

ra(«s»')T\ 
Los x2) J / 

, d(z\ z2)T\1 / , ! 

which gives the area of the surface 

(5) z' = z{(x\ x2), (x1, x*) EG, i = 1, 2, 3. 

1 Presidential address delivered before the Annual Meeting of the Society in New 
Orleans on January 24, 1969; received by the editors February 24, 1969. 
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