TRANSITIVE PERMUTATION GROUPS OF DEGREE
»=2¢+1, p AND ¢ BEING PRIME NUMBERS

NOBORU ITO!

1. Introduction. Let p be a prime number such that ¢g=4%4(p—1) is
also a prime. Let Q be the set of symbols 1, « - -, p, and ® be a non-
solvable transitive permutation group on 2. Such permutation groups
were first considered by Galois in 1832 [I, §327; III, §262]: if the
linear fractional group LFs5(l) over the field of 1 elements, where I is a
prime number not smaller than five, contains a subgroup of index I,
then 1 equals either five or sevem or eleven. These three permutation
groups will be denoted by 4, Gr and Gi1. Gy has degree 7 and order
168; G11 has degree 11 and order 660. Next in 1861 two permutation
groups, one, which has degree 11 and order 7,920, and the other,
which has degree 23 and order 10,200,960, were found by Mathieu
[16; 17]. These two permutation groups will be denoted by My and
M23-

We say that ® is a permutation group of type M, if @ does not
contain the alternating group A4, of the same degree. Then G;, Gu,
My and Mes are permutation groups of type M. Now the following
problem arises: does there exist any permutation group of type M differ-
ent from Gq, Gu, M and Mey?

In 1902 Jordan proved the nonexistence of permutation groups of
type M for p=47 and p=359 [23; IV, §116]. In 1908 Miller proved
the nonexistence of permutation groups of type M for p=83. But
he did not even write down the proof explicitly [18].

Now ® is doubly transitive by a famous theorem of Burnside. In
particular, the order of ® is divisible by ¢g. Let Q be a Sylow g-sub-
group of ®. Let NsQ and CsQ denote the normalizer and centralizer
of Q in ®. In 1955 Fryer proved remarkable theorems [7], which
may be stated as follows. Let the index of CsQ in NsQ be even. Then
(1) if ® contains an odd permutation, ® coincides with the symmetric
group S, of the same degree, and (ii) if ® does not contain any odd
permutation and NsQ sabisfies a certain appropriate condition, & co-
incides with A .
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