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Pólya has suggested and Szegö and others have proved the follow
ing theorem.1 

THEOREM. Letf(z) he a function regular in the whole plane including 
z = oo except at z = 1. Let 

m~ IE**/*», | l | > l . 

If an = 0(nk) and bn = 0(nk) then f (z) is a rational function. 

The above theorem is generalized in this paper as follows. 

THEOREM 1. Letf(z) be regular in the whole plane including z~ oo, 
except possibly at a certain set S of points on \z\ =1 (the set S being not 
everywhere dense on the complete circumference of the unit circle). Let 

„ , /2>«s», | ' | <1, 
™~ l£*nA», | l | > l , 

and let an — 0(nk), bn — 0(nk) ; then the following results hold. 
(i) Every isolated singularity on \z\ = 1 will be a pole of order not 

exceeding k+1. 
(ii) If there are only a finite number of singularities on \z\ =1 , then 

f(z) is a rational function. 

THEOREM 2. There exists a function satisfying the hypothesis of Theo-
rem 1 and having an infinite number of singularities on the unit circle; 
also there exists a function satisfying the same hypothesis and having no 
isolated singularities. 

LEMMA 1. Letf(z) be an integral f unction and let 

I,(r) | f(re*+)\*d4> where p > 0 
o 

be bounded on a sequence of circles r~rn tending to infinity, for some 
p>0. Then f (z) reduces to a constant. 
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