ON GENERA OF BINARY QUADRATIC FORMS
IRVING REINER

Let B=ax?42bxy-+cy? be a properly primitive form with integral
coefficients, and let the determinant D=ac—b%? be written as
D= +2A, where A is odd and positive, and the factorization of A
into distinct primes is A=g;** - - « g,%~. Let us suppose that a is posi-
tive and prime to 2D. The genus of B is then completely determined
by the Legendre symbols (a|g), - - -, (alq,), and (—1|a) if D=0
or 1 (mod 4), (Zla) if D=0 or 6 (mod 8), and (—-ZIa) if D=0 or 2
(mod 8).! These characters are not independent, however, since
—D=0b%2—ac and (a, b) =1 imply that (—Dla) =1; from this, using
the law of quadratic reciprocity, we get

1= (—D|a) = 2| a)*(a]| A)(— 1) D (Fa-DI1

= 5.((1,' ql)al o .. (al qr ar’
where

€ = (2| a)*(— 1[ a) (Fa-D)/2

is a character or is trivially +1. Thus, the characters of any existing
genus must satisfy

1) e(a|g)m--- (@]g)wr=+1.

Conversely, given any set of characters satisfying (1), a long but
elementary proof showing the existence of the corresponding genus
was given by Gauss,? who used the method of composition of forms;
he also demonstrated by this means that all existing primitive genera
of the same determinant contain the same number of classes.? Ele-
mentary proofs were also given by Hilbert for the analogous case of
ideal classes in quadratic fields.® The purpose of this paper is to
furnish, by use of Dirichlet’s theorem on the infinitude of primes in
an arithmetic progression, simple proofs of the results mentioned
above for forms with integral coefficients. These may be stated pre-
cisely as follows:

THEOREM 1. For any preassigned set of characters satisfying (1), there
exists a genus with the given characters.
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