NOTE ON FACTORIZATION IN A QUADRATIC FIELD
GORDON PALL

1. Introduction. In this note we shall prove certain theoremsrelating
to the “existence” and “uniqueness” of factorization in a quadratic
field (cf. §§2 and 3); and shall maintain that the introduction of
ideals should be regarded as restoring existence rather than uniqueness
of factorization into primes.

To illustrate this, let us consider first the case of quaternions. Let
X =x0+11x1+1202+13x; be a primitive quaternion, that is, let the co-
ordinates xo, - - +, %3 be relative-prime rational integers. Let the
norm Nx=Y x;? be factored into a product of rational primes
1+ ¢+ + ps. Then, by a theorem of Lipschitz,! there exist prime qua-
ternions ¢, ¢/, - - -, t¥, of respective norms py, - - -, P, such that
x=tt"" - - - t®, This factorization is unique, for any given ordering of
the primes p1, * - -, p., except that we can insert unit factors in the
trivial way illustrated by the example #/#'/¢"'" = (¢'31) (412" "35) (452""")
=(—=)(t"0) (Gt )= - - -

It is proved elsewhere that a similar uniqueness of factorization
holds in every system of “generalized quaternions,” but that the exist-
ence of such a factorization will fail if certain rational primes p; are
not norms.

As is well known there exists a very satisfactory arithmetic of
ordinary quaternions, without the necessity of introducing ideals.
Nevertheless, factorization of imprimitive quaternions is not unique.
For example,

6 =01 —14— )1 — i)+ i)+ i1+ 4)
=(1—ii— i)l — i)+ i) + i+ 3),
where the primes 1—4;—1%; and 1—14;—1; do not differ only by unit

factors.
Similarly, in the quadratic field R(p), where p2= —35, we have

6=>0+p1—-p =23,

where the factors are essentially different prime integers of the field,
and hence factorization is not unique. Yet a uniqueness theorem
analogous to that for ordinary quaternions holds for the factoriza-
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