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1. Introduction. Let the function 

(1.1) f(z) = CQ + ciz + c2z
2 + • • • + cnz

n + • • • , cn real, 

be regular and convex in the direction of the imaginary axis for 
\z\ < 1 . Thus each circle | z | = r , 0 < r < l , is mapped by ƒ(z) into a 
contour Cr which has the property that straight lines parallel to the 
imaginary axis cut Cr in at most two points. Since the coefficients are 
all real, Cr is symmetric about the real axis. For 

/(re*9) = U(r, 0) + iV(r, 6) 

wehaveô£/(r , 6)/dO£0 for O<0<7r. In other words, zf(z) is typically 
real for | s | < 1 . I t is well known [l, 2]1 that the coefficients cn are 
bounded, \cn\ ^ | c i | , n = l, 2, • • • , and [3] have the representation 

Ci rT sin nd 
(1.2) cn = da(6) 

nir J o sin 0 
where a(0) is a nondecreasing function of 0 in (Ó, w) normalized so that 

i rv 

— I daifi) = 1. 

A sufficient condition that ƒ (s), given by the series (1.1), be regular 
and convex in the direction of the imaginary axis for |JS| < 1 is that 
the sequence {cn} be monotonie of order 4, a theorem due to 
L. Fejér [4]. A sequence {cn} is said to be monotonie of order p 
if each of the differences 

(1.3) A(k)Cn = Cn — CktlCn+i + Ck,2Cn+2 — . . . + ( — l)kCk,kCn+k 

are non-negative for &=0, 1, 2, • • • , p; w = 0, 1, 2, • • • . This suffi­
ciency test implies, among other inequalities, that 0^cn — cn+i. This 
suggests the problem of finding an upper bound for cn — cn+i for func­
tions ƒ(z) given by (1.1) which are convex in the direction of the imag­
inary axis for \z\ < 1 . The example CiZ^+z)"1 shows that the upper 
bound 2\ci\ is sharp. However, if we consider the differences 
cn-i — cn+i we obtain an inequality which is not so immediately 
obvious. This inequality is stated in the following theorem. 
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1 Numbers in brackets refer to the references cited at the end of the paper. 

733 


