
NOTES ON THE BERTINI INVOLUTION 

ETHEL I. MOODY1 

1. Introduction. Given a pencil of plane cubic curves 

(1) \w(x) + y.w'{x) = 0 

with the vertices of the reference triangle among its base points. Ar
ranged as to (0, 0, 1) the equations may be written 

with 

W(%) = XzUi + #3^2 + Uz, 
2 

w'(x) = xzul + X3U2 + ul, 

U\ = diXi + #2#2, #1 = #1 #1 + a2 %2, 
2 2 

#2 = b\Xi + Z>2#1#2 + #3#2> M2 , 
2 2 

^3 = CxX!X2 + C2#l#2» «3 , 

and at, ai, 6»-, 6/, cif ci generic constants. 
A point y of the plane fixes the curve of the pencil (1) passing 

through it, hence 

(2) w(x)w'(y) — w'(x)w(y) = 0, 

which may be written in the form 
2 2 

W%(x) = Xz(AxXi + A2x2) + Xz(BiXi + B2XiX2 + Bzx2) 
( 3 ) 2 2 

+ C1X1X2 + C2#i#2 = 0 

in which Ai = aiw
f(y) — aiw(y)1 and similarly fori?; and C». The tan

gent to TF8(*) = 0 at (0, 0, 1) is 

(4) A1X1 + A2x2 = 0, 

which meets the curve again at R = (ri, r2, rs)f 
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1 Miss Moody, Ph .D. Cornell University, an instructor in mathematics at Penn

sylvania State College, was killed in an automobile accident April 11, 1941. I had sug
gested tha t she compare my cumbersome method of derivation of the equations of 
this transformation (Amer. J. Math . vol. 33 (1911) pp. 327-336) with that of employ
ing a pencil of cubic curves. The following notes were found among her posthumous 
papers sent me recently. The equations of the Bertini involution are simpler than 
those previously known, and other properties found may be extended by others. 

VIRGIL SNYDER 

433 


