A NOTE ON HILBERT’S OPERATOR

H. KOBER
The transformation

- dt=—1-1im j:wii—t-{f(x-l-t)—-f(x—t)}
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(1) of =—PV

is well known to have the following properties:

LEMMA 1.1 When 1 <p < w0, then f is a continuous (bounded) linear
transformation with both domain and range L,(— «©, ), and D*f = —f.

LeEMMA 2.2 When f(t) ELi(— », ®), then Of exists for almost all x in
(— 0, »), but does not necessarily belong to Li(a, b), where a, b are arbi-
trarynumbers (— o <a<b = ®); however (1+x2)~!| Of 1ELy(— ®, )
when 0<q<1. When f and Of belong to Li(— «©, ), then O} = —f.

The case p=1 appears to present the greatest difficulties. In the
present note I shall deal with the set of elements f(t) ELi(— «, ©)
for which §f ELi(— », «). In consequence of the lemmas, in this set
orin L,(—®, ©) (1<p< »), f has no characteristic values other
than F¢. We shall start from the sets of characteristic functions and,
incidentally, from the class $,, the theory of which has been de-
veloped by E. Hille and J. D. Tamarkin; §, is the set of functions
F(2) (z=x+1y) which, for y >0, are regular and satisfy the inequality

(2) f | F(x + iy) |de < M?» or |FG)| =M

for 0<p< o or p= 0, respectively, where M depends on F and p
only.? By &, we denote the corresponding class defined for y <0, and
by F(t), G(t) the limit-functions® (y—0; x ={) of elements F(z) ED,,
G(z)ER,. By O, and R, , respectively, we denote the two sets of
those limit-functions, and by $, + &, the smallest linear manifold
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