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1. The first main result. We shall prove the following result. 

THEOREM 1. Let F be any field and A an algebra over F with a unity 
element. Then the radical of A consists of all elements h such that g+h 
is regular for every regular g. 

Let H be the set of all elements h defined in the theorem. It is easy 
to see that H is a linear set over F. We shall prove now that if A is 
simple, H=0. 

Let g and gi be any regular elements of A and h be in H. Then 
grxg+h is regular so that g+gih is regular. Hence gih is in H and 
similarly hg\ is in H. An arbitrary element a of A has1 the form 
a=y£i=slgi with regular elements gi so that ah=^T,gih is a sum of ele
ments gih of H. Thus ah, and similarly ha, is in H so tha t H is an ideal 
of A. If H5*0 then H = A since A is simple. But A contains the regu
lar element — 1 , and ( — 1) + 1 is not regular so that 1 cannot be in H, 
whence H9*A. Hence H=0. 

Next we shall prove that i J = 0 whenever A is semi-simple. Now 
A=Ai+A2+ • • • +At where the Ai are simple, and each x of A 
has a unique expression x = ai+a2 + • • • +at with a» in Ai. Fur
ther, x is regular if and only if each at- is a regular element of Ai. 
Let g = g i + • • • +gt be regular, h = h±+ • • • +ht be in H, so that 
g+A = (gi+Ai) + • • • +(gt+ht). Then g+h is regular for every regu
lar g if and only if gi+hi is regular in Ai for every regular gi of ^4t-. 
By the proof above for simple algebras every hi = 0 so that h = 0 and 
H = 0. 

In considering the case of a general algebra A, we show first that 
the radical R is contained in H. Let g be regular and f lie in R. Then 
g + r is regular if and only if \+g~lr is regular. Now g~lr is in R, 
(g~~1r)t = 0 for some integer /, (g~1r)2f+1 + l = 1. If X is an indeter
minate, X + 1 is a factor of X2*+1 + l so that g~xr+l is a factor of 
(g~y)2*+1 + l = 1 ; hence, g~xr + l is regular, g + r is regular, r is in H, 
and i? is contained in H. 

It remains to prove that R contains H. Since A—Ris semi-simple, 
the set Ho defined for A — R, similarly to H for A, is the zero set. If g 
is regular in A and h is in H, the class [g+A] in A —R is a regular ele-
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