MEANS OF ITERATED TRANSFORMATIONS IN
REFLEXIVE VECTOR SPACES*
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If Uis a unitary transformation in a Hilbert space, the convergence
of the sequence of transformations {(1 V)t U‘} to a projection P
has been established by von Neumann in his proof of the quasi-
ergodic hypothesis.t Recently, the question of the existence of mean
ergodic theorems in more general spaces than Hilbert space has re-
ceived attention. One is here concerned with a bounded linear trans-
formation V of bound not greater than 1, that is, | V| =1, defined
over a Banach space 8, or more generally with a transformation V
whose iterates V», =0, 1, 2, - - -, (V9=1I) are uniformly bounded:
I V”| =K. The problem then is to characterize the spaces B for which
the arithmetic means T, = (1/7)Y_"Z4 V* converge, and to examine the
nature of the limiting transformation. The case ¥ =L?, p > 1, has been
treated by F. Riesz.] Very recently, Garrett Birkhoff, considering
transformations of bound not greater than 1, has extended Riesz’ re-
sults to uniformly convex spaces.§ Our Theorem 2 includes all these
results as special cases.|| The methods we use resemble closely at cer-
tain points those used in a Hilbert space. The properties of reflexive
spaces Y to which appeal is made are simple and are examples of the
elegant reciprocity relations which characterize those spaces (see, for
instance, Theorem 1).

The adjoint space of a space B is denoted by (8). The adjoint of

* Presented to the Society, September 8, 1939. Abstracted in this Bulletin, abstract
45-7-270 (1939).
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|| The results of this note were communicated orally by the author to Professor
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