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ON SOME NEW CONGRUENCES IN THE THEORY 
OF BERNOULLI'S NUMBERS 

N. G. W. H. BEEGER 

For Bernoulli's numbers the following relations are known: 

(A + l)n = hn; » > 1, hi = - i Bn = ( - l)»-1*,»; 

hin+i = 0 for n > 0. 

For the symbol &n = /*n+1/(?z + l) Kummer proved the congruence 

(1) ka(l - kb)c s 0 (mod (pa, pec)), 

p being a prime, b = pe~1(p—l)bi, a + 1^0 (mod (£ — 1)). G. Fro-
benius* has given another proof of this congruence, without using 
infinite series. I shall now prove the congruence 

(2) ( - l)*-i*«+"* ss £ ( - l ) H C , H i C » H l i - l t
f l + ( M ) i (mod #*), 

which is equivalent to 

( _ l ) t - l W+mM == ] T (__ l)«-l+(m-«+l)M 
2w + 2m^ s==i 

(3) 
/~» /~* -^n+(s—1)M / J \ 

* Cw,s_iCm_8,t-_s —— — (mod px), 
In + 2(s - l)/i 

Cm,0 = 1, m ^ i, i < In - 1, 2^ ^ 0 (mod (p - 1)), » = (p - l ) /2 . 

Take, in (1), b = p — 1, c = i, a = 2w — 1 ; then (1) gives 

( - l )*-i^+^ == X) (~ l)a-1C1-,._iJ&a+<'-1>6 (mod ƒ>*')• 

Hence (2) is proved for the case m — i. Now suppose that (2) is proved 
for m — i, i + l, i + 2, • • • , m. From (1) it follows that 

( - I;«#H-(«H-I>* s 2 ( - l)^1C^ift_iifca+<'-1)* 
=1 

m+1 

+ Z ( - 1 )*- 1 C,H.I 1 ^I** H ' - 1 ) » (mod^™+1). 

(4) 
V 7 m+1 
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