
100 EVERETT PITCHER AND W. E. SEWELL [February 

EXISTENCE THEOREMS FOR SOLUTIONS OF 
DIFFERENTIAL EQUATIONS OF 

NON-INTEGRAL ORDER* 

EVERETT PITCHER AND W. E. SEWELL 

1. Introduction. In this paper we prove theorems on the existence 
and uniqueness of solutions of the differential equation 

(1.1) D?y = <t>{xjy), a > 0 , 

where </>(x, 3/) is a known function, y(x) is an unknown function, and 
D^y is the Riemann-Liouvillef generalized derivative of order a of 
the function y(x). For ce = l the equation (1.1) is an ordinary differ
ential equation of the first order and the restrictions on c/>(x, y) for 
non-integral a are found to be quite similar to those imposed on the 
function in the integral case. 

In establishing the fundamental existence theorem we first prove 
(§2) a theorem of the kind considered by Birkhoff and Kellogg. J 
Our proof rests on three lemmas which are contained in §3 along 
with the definition of the generalized derivative. In §4 we establish 
the existence of a unique solution in the small for 0 < c e < l . The ex
tension of this solution throughout the region of definition of cj>(x, y) 
and the case a>l are considered in §§5 and 6 respectively. 

2. The general existence theorem. For our purposes the following 
theorem is fundamental: 

THEOREM 2.1. Let E be a set of continuous functions defined on a 
common closed interval, and such that if a sequence of functions each 
belonging to E is uniformly convergent, then the limiting f unction belongs 
to E also. Let S be an operator such that if y is in E, then Sy is in E, 
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