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NOTE ON THE USE OF FRACTIONAL INTEGRATION
OF BESSEL FUNCTIONS*

BY H. P. THIELMAN

1. Introduction. In a recent paper, W. O. Pennellf pointed
out that under certain conditions fractional integration and dif-
ferentiation of trigonometric functions will lead to Bessel func-
tions and vice versa. Making use of this fact he was able to
convert known expansions in sines and cosines into expansions
in Bessel functions, and known expansions in Bessel functions
into trigonometric expansions by the simple process of term-
by-term differentiation and integration. In this note it is shown
that in some cases fractional integration of Bessel functions
leads to the squares of such functions. Use is then made of this
fact in order to derive a number of expansions in squares of
Bessel functions by fractionally integrating known expansions
in Bessel functions.

2. Fractional Integration of Bessel Functions. Fractional in-
tegration] with the Heaviside operator p is defined by the equa-
tion
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where v >0. Fractional differentiation is given by
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where v >0, 0<c<1, b is a positive integer, and v=0—c.
If in the well known Neumann’s integral§

* Presented to the Society, April 7, 1934.
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